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CALCULATION OF NONLINEAR CONICAL FLOWS 
BY THE METHOD O F  LINES 
By E. B. Klunker, J e r r y  C. South, Jr., and Ruby M. Davis 
Langley Research Center 
SUMMARY 
A computational technique, called the method of lines, is developed for  computing 
the flow field about conical configurations at incidence in a supersonic flow. 
which makes use of the self-similarity property, is developed fo r  the nonlinear flow 
equations. The basic idea is to discretize all but one of the independent variables in the 
partial  differential equations so that a coupled system of approximate, simultaneous, 
ordinary differential-difference equations is obtained. Initial values of these differential- 
difference equations are determined from the shock relations after the shock shape is 
estimated o r  otherwise specified. The system of equations is integrated numerically 
and an  i terative process  is utilized for  adjusting the shock shape to satisfy the boundary 
condition of flow tangency on the body. 
The method, 
The method has  proved to be an efficient and versati le procedure for  constructing 
the numerical solutions to conical flow problems. 
the flow about c i rcular  and elliptic cones at conditions where small  regions of supersonic 
c r o s s  flow develop and for the conical delta wings where the region of supersonic c ros s  
flow is extensive. The calculations made for  c i rcular  and elliptic cones as well as for  
the compression side of various conical delta wings are in good agreement with experi- 
ment except in regions where viscous effects become important. 
It has been successful in computing 
INTRODUCTION 
In 1935 Busemann (ref. 1) introduced the concept of a general  conical flow field as 
one in which the fluid properties are constant along any ray emanating from a common 
point in the flow. Solutions for  such self-similar conical flows are of great  importance 
to the aerodynamicist since (1) significant regions of the flow about many practical con- 
figurations are conical, o r  nearly so; (2) conical bodies and wings are the simplest  class 
of three-dimensional shapes and thereby provide "benchmark" cases  for both theoretical 
and experimental studies in  supersonic and hypersonic flow. 
Although the self -similarity property of conical flow allows the reduction of the 
problem from three to two space dimensions, the analyst finds himself confronted with a 
formidable free-boundary problem for nonlinear partial  differential equations of elliptic 
o r  mixed type. Hence until the last decade, most conical solutions have been obtained 
only fo r  the simplest  cases o r  after linearization o r  other approximations to the equa- 
tions. However, recent  advances in  speed and storage of digital computers have spurred 
the development of numerical solutions of the full nonlinear equations, to the point where 
solutions to very general  conical flow problems can be obtained in a few minutes. 
A particularly efficient numerical technique for  solving conical flow problems has 
been reported in references 2 to 4. The method is semidiscrete,  wherein one independent 
variable is discretized while the other remains as a continuous variable. This  method is 
refer red  to as the method of lines, to distinguish it f rom grid or  network computations 
where all independent variables are discretized. 
The method of lines is "direct" in the sense that the body shape is given and is one 
of the bounding coordinate surfaces;  yet, the shock wave is another bounding coordinate 
surface, and the governing differential equations are solved by integrating inward from 
the shock. Thus, in that respect, the method is like the inverse methods. The technique 
employed fo r  solving this free boundary problem has three distinguishing features:  
(1) the coordinate transformation which maps the region between the shock and body onto 
a rectangle, (2) the solution of the equations by the semidiscrete method of lines, and 
(3) an iteration procedure for satisfying the boundary conditions. None of these features 
are new; yet when combined, they prove to  be an  efficient means of solving free boundary 
problems such as the supersonic blunt-body problem or  conical flows. The basic idea of 
the method of l ines is to  discretize all but one of the independent variables in the partial  
differential equations s o  that a system of approximate, simultaneous, ordinary, 
differential-difference equations is obtai2ed. Initial values for  the system of equations 
are estimated, o r  otherwise specified, and the system of equations is integrated numer- 
ically. An iterative process  is utilized to satisfy the boundary conditions; thus, the initial 
values are subsequently altered and the equations are again integrated. The SUCCCSS of 
the method of lines as a computational tool hinges upon (1) formulation of the problem in 
a form which requires  relatively few lines, (2) use of an efficient integration routine that 
yields good accuracy with relatively large integration steps, and (3) development of an  
efficient interative process  to satisfy the boundary conditions. The first requirement is 
largely met through the choice of the coordinate system and the second can be satisfied 
with any of a number of integration schemes such as a fourth-order Runge-Kutta method. 
The computational t ime and the utility of the method depend to a large par t  on the itera- 
tive process.  
The present paper expands upon the material  in reference 4; further details and 
refinements of the method are presented, together with numerous applications to  a 
variety of conical flow problems. Comparisons of the present calculations with other 
theories and experiment are given for  c i rcular  and elliptic cones, and conical delta wings. 
2 
The s t ream velocity vector lies in a plane of symmetry for  all the configurations; how- 
ever, this  restriction is not a limitation of the method itself. 
ical aspects of conical flow are touched on, such as the inviscid entropy layer  with the 
attendant steep gradients adjacent t o  the surface, and the nodal-type singularities of the 
c r o s s  -flow streamline patterns. 
Some of the more theoret- 
T o  aid the reader, numerous headings and subsections are employed. A separate 
section "Background" is included which cites most of the recent work in  nonlinear coni- 
cal flow theory, in particular, the related work in the U.S.S.R. which seems to  have gone 
relatively unnoticed. 
BACKGROUND 
In this section, a review of past  work in nonlinear supersonic conical flow theory 
is given. No effort has been made to consider the large body of l i terature which con- 
cerns  linearized conical flow theory. 
Nonlinear Conical Methods 
The earliest treatment of nonaxisymmetric conical flow was given by Stone (ref. 5) 
together with the numerical computations car r ied  out under the direction of Kopal (ref. 6), 
where the flow about c i rcular  cones at smal l  incidence was constructed as a perturbation 
about the axisymmetric nonlinear Taylor-Maccoll solution (ref. 7). 
ognized the singularities of these conical flows, which were not accounted for  in the 
Stone solution, and discussed the general  features of the streamlines.  The many analyt- 
ical papers  published since (refs. 9 to 11 and many other papers  referenced in these 
works) have been concerned largely with the construction of solutions to conical flows by 
means of matched asymptotic expansions. These papers  have concentrated primarily on 
the theoretical development; consequently, there  has  been relatively little computational 
work presented. 
Ferri (ref. 8) rec- 
Two basic approaches are available for  the numerical development of exact non- 
l inear conical solutions : 1 
(1) Distance -asymptotic methods, where some initial distribution of the flow vari-  
ables and shock-wave shape is used near  the apex as initial values for  continuing the 
calculation downstream by some three -dimensional computation scheme. The calculation 
proceeds until conical similari ty conditions are sufficiently satisfied. 
. -  - -  - _ -  - - 
1Exact in  the sense that the only approximation made is the reduction of the gov- 
erning par t ia l  differential equations to ordinary differential equations o r  algebraic equa- 
tions by using finite-difference expressions for  the derivatives with respect to one o r  
more  of the coordinates. 
3 
(2) Methods which invoke the conical self-similari ty and thereby reduce to two the 
number of independent variables are re fer red  to  simply as "conical" methods for  brevity. 
Both general  approaches have their  merits.  The distance-asymptotic techniques 
develop the solution as a well-posed initial-boundary problem for  equations of hyperbolic 
type, and convergence is "almost" guaranteed from both physical and theoretical consid- 
erations. However, to  achieve a satisfactory solution in many problems where a fine 
mesh is needed, these methods require a large amount of computer storage and time. 
The conical methods reduce the problem to one in two dimensions but in  the more diffi- 
cult fo rm of a free boundary problem for  equations of elliptic or  mixed type. In fact, 
many of the conical methods are s imilar  to methods used for  solving the blunt-body 
problem. 
The methods of references 12 to 20 are examples of the distance-asymptotic 
method. References 12, 13, and 14 considered circular cones a t  angle of attack, re fer -  
ences 15 and 16 included cones of elliptic c ross  section, and reference 17 presents  cal- 
culations for the compression side of conical delta wings with the shock wave attached 
not only at the apex, but a lso along the swept leading edges. More recently, a three-  
dimensional characterist ic method has been developed to compute the flow about some 
delta-wing configurations, also with an attached leading-edge shock (ref. 18). 
ences 19 and 20, a method is presented which is essentially a distance-asymptotic 
method, and which treats shock waves not as discontinuities, but as rapid but continuous 
compressions. This method appears to be most promising for  problems in which com- 
plicated embedded shock patterns may occur. Reference 19 presents  resul ts  not only 
for  circular cones at incidence, but a lso for  a conical wing-body configuration. Refer- 
ence 20 includes resul ts  for  both the expansion and compression sides of planar delta 
wings with shock attached at the leading edge. 
In re fer -  
Exa.mples of conical methods appear as ear ly  as 1929, when Busemann (ref. 21) 
constructed the axisymmetric conical flow by numerical-graphical construction in the 
hodograph plane. Reference 22 (pp. 526-536) cites many of the approximate and exact 
conical methods documented up to about 1964; therefore, they a r e  not all discussed in the 
present paper. Most recent conical methods a r e  of the "inverse" type, in which a simple 
analytic function is assumed for the conical shock wave, and the governing partial  differ- 
ential equations a r e  solved by marching inward until some body shape is obtained. V a r -  
ious inverse methods a r e  reported in references 23 to 27. These methods have not been 
successful in constructing solutions f o r  body shapes which produce a shock wave 
requiring many parameters  for an adequate description; only circular  -cross-section 
cones at incidence have been amenable whereas solutions for  elliptic cones have been 
obtained only painstakingly. 
in regions where the c ros s  flow (velocity component normal to a conical ray) is subsonic, 
Other conical methods have used the method of relaxation 
4 
r 
and the governing differential equations a r e  of the elliptic type; a two-dimensional method 
of characterist ics is used in supersonic c ros s  -flow regions where the equations are 
hyperbolic. Such approaches are developed in references 28 to 30 in which flat delta 
wings with attached leading-edge shocks are considered. It is not known whether these 
methods can be easily coded for  efficient machine calculation for  nonflat conical wings. 
Method of Lines 
The method of lines is somewhat s imilar  to the better-known (in the United States) 
method of integral relations (ref. 31) in that both methods are semidiscrete. 
of integral relations, in its usual formulation (refs. 31 to 35), requires  new algebraic 
development for  each higher approximation (that is, more  lines) and the equations grow 
more complex; whereas the method of lines system is written recursively with arbi t rary 
number and spacing of lines. 
The method 
Liskovets (ref. 36) presents  a general  review of the method of lines as applied to  
l inear equations of elliptic, parabolic, and hyperbolic types. It is of interest  to note that 
the method apparently dates from 1939 with an application to the solution of the Laplace 
equation by M. G. Slobodyanskii. An extensive bibliography (covering the work done in 
the U.S.S.R. up to 1965) is presented in reference 36. 
In reference 37, the work of Telenin and his coworkers is cited, in which they used 
the method of lines fo r  constructing numerical solutions to the axisymmetric, supersonic 
blunt-body problem. That work was extended to the three-dimensional blunt-body prob- 
lem and reported in reference 38.2 
reference 39. 
More details of the preceding work a r e  given in 
Makhin and Syagayev (ref. 40) recognized the difficulties associated with Syagayev's 
ear l ie r  inverse method (ref. 27) and applied the transformation discussed previously in 
which the body and shock become bounding coordinate surfaces.  
essentially the method of lines. 
toward the body and to maintain accuracy, a small  integration step s ize  was required 
(1/64th of the local shock-layer thickness). 
direct  elliptic-cone problem, which was intractable by the earlier inverse approach. 
Bazzhin and Chelysheva (ref. 41) applied the method to conical bodies at large 
Their procedure w a s  
They used a f i rs t -order  Euler method to integrate 
The modification allowed them to  solve the 
angles of attack, where regions of supersonic c ros s  flow always occur. 
was  very s imilar  to approaches to the blunt-body problem; they used the method of lines 
on the windward, high-pressure side of the conical body up to, and beyond, the region 
where the c ross  flow becomes supersonic. A conical, two-dimensional method of char - 
acteristics was used to continue the solutions of the supersonic cross-flow region. 
tion, and should read "Detached." 
Their procedure 
More 
~- - c _ ~ ~  ~ _ _ _ _  
2The word "Attached" in  the title of reference 38 is an  obvious e r r o r  in transla- 
5 
results, with emphasis on the characterist ics solutions, are given in reference 42. An 
interesting result  in  reference 42 was that in  some instances, it was possible to continue 
the characterist ics solution through the leeward plane of symmetry of elliptic cones at 
large incidence; thus, symmetry conditions were violated and indicated the impossibility 
of flow without embedded shocks in the general  case. Neither reference 41 nor  42 sug- 
gests using the method of lines for  the small-to-moderate incidences in  which the c ros s  
flow is everywhere subsonic, nor was any mention given to the application in 
reference 40. 
Jones (ref. 2) reported a method s imilar  in many ways to  the present procedure. 
He obtained solutions for  circular and elliptic cones and a conical body with a four- 
parameter,  smooth cross-section contour having both concave and convex portions. The 
method was shown to be accurate and efficient, and he was able to experiment numerically 
with some of the more theoretical questions concerning conical flows such as the "lift-off" 
of the vortical singularity (refs. 8 and 9). Ndefo (ref. 3) has applied the Telenin approach 
to the computation of conical flows. 
s imilar  in many respects  to that of Jones and the present work, has been applied only to 
the computation of the flow about circular cones. In reference 4, the method of lines was 
applied to  c i rcular  and elliptic cones, and to conical delta wings with attached leading- 
edge shocks. 
computations. 
His  development of the method of lines, which is 
The present paper develops the method fur ther  and presents  additional 
a 
b 
cD 
cL 
m,x 
cP 
% 
6 
semimajor axis 
semiminor axis 
drag coefficient 
lift coefficient 
SYMBOLS 
of ellipse 
of ellipse 
pitching-moment coefficient about X-axis 
pressure coefficient 
normal-force coefficient 
axial-force coefficient 
C ra t io  of speed of sound to critical speed, 
C* ra t io  of critical speed t o  f ree-s t ream speed, /Fa 
Y + l  ( y + l ) M m  
D/Dt differential operator 
6 , , G q , E r  unit vectors along T, q, and r 
h scale factor for  7 coordinate at r = 1 
i , j  indices indicating line number 
_ -  
i , j ,E unit vectors along X-, Y-, and Z-directions 
K mean curvature of surface q = Constant 
mean curvature of conical body given by equation (3) KB 
M a  free-s t ream Mach number 
cross-flow Mach number, \/v2 -t w2 
MC C 
N number of l ines 
P pressure,  referenced to product of s t ream density and square of critical 
speed 
r distance along ray 
S entropy 
u,v,w components of velocity in r -, q-,  and 7-directions, respectively, referenced 
to critical speed 
uc,vc,wc cylindrical components of velocity in axial, radial, and azimuthal directions, 
respectively, referenced to critical speed 
V total velocity, referenced to critical speed 
7 
x,y, z Cartesian coordinates 
- 
X 
CY 
P 
Y 
E 
V S  
e 
A 
5 
P 
0 
7 
X nondimensional spanwise coordinate, - 
Xmax 
angle of attack o r  incidence 
shock angle 
ra t io  of specific heats 
convergence cri terion on normal velocity at conical surface 
angle measured in plane normal to body from ray on surface of body to 
ray in field 
value of q at shcrck 
conical apex angle of body in horizontal plane Y = 0 
conical apex angle of body in plane of symmetry containing free-s t ream 
velocity vector 
sweep angle 
transformed arc length variable 
density, referenced to s t ream density 
angle between shock normal and q-direction (fig. 38) 
a r c  length along intersection of unit sphere with conical body 
8 
@ 
+ yaw angle 
Subscripts: 
n normal to  leading edge 
0 body surface coordinate 
r , q , r  
03 free s t ream 
polar angle in cylindrical coordinates (fig. 2) 
indicates directions associated with these components 
METHOD 
Conical Coordinates 
The equations governing supersonic, inviscid flow of an ideal gas are written in a 
body-oriented, orthogonal, conical coordinate system (r,q, T) as developed in reference 43 
where r is the distance along a conical ray, q is the angle measured from the body 
surface to the ray in a plane T = Constant, and T is a measure of the arc length along 
the intersection of the body surface with a sphere of radius r centered at the body apex. 
(See fig. 1.) The body is the conical surface q = 0, and the contour along which T is 
measured is a plane curve only in the special cases  of a circular  cone o r  a flat delta 
wing. 
in the r-, q- ,  and ?--directions are the natural conical components u, v, and w; the 
v-component is zero  at the surface q = 0 and d m ,  the magnitude of the velocity 
component normal to a conical ray (hereafter called the "cross-flow" component), gov- 
e r n s  the type (elliptic o r  hyperbolic) of the partial  differential equations of the conical 
flow. Furthermore,  certain singularities appear where the cross-flow component van- 
ishes  ( d m '  = 0), and it is extremely important that such points be recognized and 
interpreted correctly. These coordinates prove to be advantageous from the computa- 
tional point of view as well except for  bodies with concave curvature. 
3 
This coordinate system has the advantage that the associated velocity components 
~ - ~ -  - - -  
31n reference 4 both 5 and T are arc length variables where the duplicity arises 
because of a coordinate transformation. In the present development the variable T is 
the arc length and 5 = ((7) is a transformed coordinate which can be selected to vary 
the line spacing. 
9 
Y 
Figure 1.- Body-oriented conical coordinates. 
Differential Equations 
With the conical similarity ( - aar - 0), the partial  differential equations which 
describe the flow involve two independent variables, q and T.  Consequently, the solu- 
tion can be developed on the spherical  surface r = 1. 
momentum, and conservation of entropy S along a s t ream surface in  these coordinates 
(ref. 43) become 
The equations of continuity, 
!?! - h(v2 + w2) = 0 
Dt 
2 + 1% + huw - hKvw = 0 
Dt P 
where the total derivative is 
10 
1 
The scale factor h for  the T coordinate and the mean curvature K of the surface 
q = Constant at r = 1 are 
h = cos  q - KB sin q 
K = _-- ah  - &(sin  q + KB cos q )  
h aq h 
where KB is the mean body curvature. 
Transformation to  a rectangular region. - The integration of the system of equa- 
tions, as discussed previously, is facilitated by a coordinate transformation which maps 
the region bounded by the shock and the body into a rectangular domain as shown in 
figure 2. For  this purpose the transformed variables a r e  taken as 
where 17 = qS(r) is the shock surface. Thus, < = 0 on the body and < = 1 on the 
shock. The transformation to  the new independent variable 5 permi ts  a local 
,-Shock-wave cross section 
1 
0 
I =  
z, 
t /- Shock wave 
Conical body surface 1 
Physical h, q )  plane Transformed ($, 5 )  plane 
Figure 2.- Layout of computational lines. 
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stretching of the arc length coordinate. The chain rule  gives 
where 
F o r  a perfect gas  the derivative of the density in  the continuity equation is replaced 
by one involving the p re s su re  through the use of the equation for  the conservation of 
entropy along a s t ream line. Thus, 
where c is the rat io  of the speed of sound to the critical speed. Then the equations (1) 
in the new coordinates can be written as 
where 
12 
2 
D = h 2 +  (Pi,$) -2  
C2 
F 3 = q s ( $ % + w 5  5 *+huw-hKvw) 
a5  
f = qs h(v2 + w2) - wIT 4 LT 
and the entropy is related to the pressure  and density by 
where 
2 
is the rat io  of the critical speed to the free-s t ream speed. The Bernoulli equation 
provides an  additional relation between the flow variables. 
sionalized with the critical speed, the density with the s t ream density, and the pressure  
with the product of the s t ream density and the square of the cri t ical  speed. 
The velocities are nondimen- 
The right-hand members  of equations (2) involve the unknown shock shape, the 
velocity components, pressure,  density, and the derivatives of these quantities with 
respect  to the variable 6. The density can be computed from the value of the entropy 
and the pressure  in the integration of the system of equations (2) o r  through the use of the 
Bernoulli equation. 
The problem in the q , ~  coordinates is thus transformed t o  the solution of a system 
of equations in a rectangular domain with coordinates <,t. The shock wave and the body 
13 
surface are mapped onto the l ines p = 1 and 5 = 0, respectively. The origin of the arc 
length 7 as well as the transformed variable 5 are taken in  the windward plane of 
symmetry; the terminal value of 5 is taken in  the leeward plane of symmetry for  circu- 
lar and elliptic cones and at the leading edge of the conical wing configurations. 
Geometric Pa rame te r s  
The body geometry en ters  the system of equations (2) through the body curvature 
and the a r c  length 7 along the intersection of the conical body with the spherical  su r -  
face r = 1. These quantities are evaluated from the equation defining the shape of the 
body. The body is defined in the Cartesian coordinate system shown in figure 1. The 
body axis is in  the Z-direction and the angle of incidence Q! is measured relative to 
the Z-axis .  From the conical similarity, the flow is constant along each ray defined 
by 5 = Constant, = Constant. Let 
Z Z 
Y 
Y = -  Z 
and let the subscript o denote values on the body. Then the conical body can  be defined 
by an  equation of the form 
The mean body curvature at r = 1, which is required for  the evaluation of the scale 
factor h and the coordinate curvature K (ref. 44), is 
KB = -(G;G, + Gx2Gyy - 2G G G ) pr2 
2 
x Y x Y  A 
where the single and double subscripts on G denote the first and second derivatives 
of G with respect to the indicated variables xo and yo and 
2 2 
+ yo A1 = 1 + xo 
(3) 
A2 = Gx 2 + Gy 
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The differentials of the arc length at r = 1 and the transformed coordinate 5 are 
(appendix A) 
d T  = -Al-1A21/2Gy-1dxo = A1- 1 A2 1/2 G,- 1 dy, 
d[ = 6, d T  I (4) 
The origin of the arc length is taken in the plane of symmetry; thus, the initial values are 
xo(0) = 0, yo = yo(0), and T = 0. Integration of these equations then determines the arc 
length in t e r m s  of the body coordinates. 
In practice equations (4) are integrated numerically to  obtain values of T and [ 
at the leeward plane of symmetry for  the circular and elliptic cones or  values of T 
and [ at the leading edge of wing configurations. The line spacing is specified in t e r m s  
of 5 and equations (4) are again integrated to compute the values of xo and yo at 
each line. The quantities fi and \/Az (appendix A) are the normalizing factors  for 
the vectors  normal to  the spherical surface r = 1 and the conical surface G(xo,yo) = 0, 
respectively. 
The relation between unit vectors 6 ET, and E r  in the q-,  T-, and r-directions 
rl’ 
and the Cartesian unit vectors  i, 5,  and E is required for  the development of the 
shock relations and for  the computation of the Cartesian coordinates of points in  the flow 
field. The direction cosines are given in appendix A. 
The Method of Lines 
The region of interest  in  the <,t-plane is divided by N lines parallel  to the 
<-axis (N + 1 lines for the delta wings with attached leading-edge shocks); the line 
i = 1 is taken in the windward plane of symmetry. The s t ream velocity vector lies in a 
plane of symmetry for  all the resul ts  presented; however, this is not a limitation on the 
method itself. It is not necessary that the distance between lines be of equal width since 
the spacing of the lines in the physical q , ~ - p l a n e  can be adjusted through the selection of 
the coordinate transformation 5 = [(T). Figure 2 i l lustrates the division in the physical 
q , ~  coordinates and the transformed <,[ coordinates with 5 = 7 fo r  an  elliptic cone 
with nine lines. Also shown is the cylindrical polar angle 4; 4 is -n/2 in the wind- 
ward symmetry plane and n/2 in the leeward symmetry plane for  conical configurations 
at incidence. 
4 = n in  the leeward symmetry plane. 
For the elliptic cone at yaw, 4 = 0 in the windward symmetry plane and 
At each s t r ip  boundary or  line, the system of equations (2) is reduced to  a set of 
ordinary differential-difference equations by replacing the derivative a/a[ by finite 
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differences. The derivative of the Lagrange interpolation polynomial (ref. 45, fo r  
example) was used in  the computer program with an equal number of l ines on ei ther  side 
of the line at which a/a( is computed; therefore, central  differencing is obtained when 
the line spacing is equal. In forming (-derivatives at l ines near  the leading edge of 
wings with an  attached leading-edge shock (the leading edge is line i = N + l), the num- 
ber of points used in the derivative formulas is reduced, if necessary, to re ta in  an  equal 
number of l ines on either side of the line at which a/a( is computed. A five-point 
formula was used for  most computations. 
The system-of equations (2) is integrated simultaneously along each line 
i = 1, . . ., N with the derivatives in the right-hand members  evaluated with the Lagrange 
formula for derivatives. This polynomial approximation for  a/a( causes  the differen- 
tial equations along any line t o  be coupled to those along the other lines. The system of 
equations (2) thus becomes a system of 5N ordinary differential equations which are inte- 
grated by a Runge-Kutta o r  s imilar  method. A fourth-order Runge-Kutta integration has  
been employed in the computer program, and the integration step size was generally in  
increments of -0.1 from the shock to a value of ( 
and -0.025 thereafter, except in  calculations where details of the entropy layer are 
sought. Note that the system of equations (2) is of order  4N if the density is computed 
with the Bernoulli equation and the equation for  the conservation of entropy is deleted. 
The system of 5N equations has been employed in the computations presented herein. 
of 0.1 and by increments of -0.05 
Symmetry and Boundary Conditions 
Symmetry conditions.- The Y,Z-plane is the plane of symmetry (fig. 1) which con- 
tains the s t ream velocity vector for  all configurations other than the elliptic cone at yaw. 
The s t ream velocity vector lies in the plane of the major axis (X,Z-plane) fo r  the yawed 
cone. The origin of the arc length T and the transformed variable ( is taken in the 
windward plane of symmetry. The symmetry conditions require that all the flow quan- 
tities other than w are symmetr ic  and the circumferential component of velocity w is 
antisymmetric about the plane of symmetry. Symmetry is accounted for  in the formula 
for  the 5 derivatives by properly reflecting points (lines) about the symmetry plane. 
F o r  the elliptic cone both the windward (i = 1) and leeward (i = N) lines correspond to 
symmetry planes. For  the compression side of delta wings, the line i = 1 is a sym- 
metry plane. 
Flow tangency at surface.- The natural coordinate system has been employed in 
pa r t  to  simplify the form of the boundary conditions on the body. The condition of flow 
tangency on the body surface < = 0 requires  that the normal component of velocity v 
must vanish. Thus, 
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Since the system of equations (2) is integrated along discrete lines, the boundary condi- 
tion (5) is satisfied only on these lines. 
Shock-wave conditions. - The shock-wave shape is initially unknown and must be 
determined through an i teration procedure as described subsequently. The flow variables 
behind the shock are found from the shock jump conditions. (See appendix B.) 
Attached shock ~. at wing leading edge.- In the present paper the method is applied to 
. .  - 
delta-wing configurations with the shock wave attached along the sharp leading edges. 
Under these conditions, the slope of the shock wave and the flow variables at the leading 
edge are determined directly f rom the shock conditions and the wing geometry. (See 
appendix B.) Hence, the flow at the leading edge is completely determined without 
recourse to  the integration of the system of differential equations. The leading-edge 
condition takes the place of the symmetry properties for  closed bodies in the leeward 
plane of symmetry. 
Determination of the Shock Shape 
The form of the shock-wave c r o s s  section is given by the unknown function 
q = ~ ~ ( 7 ) .  If 77, and dqs/dT were known, all the information concerning the shock- 
wave geometry would be known, and the values of the functions p, p, u, v, and w 
at the shock wave (c  = 1) could be evaluated from the shock jump conditions. 
values could be used to start the numerical integration a t  c = 1 and proceed down to 
the body surface at c = 0. Only the correct  shock function q, will cause the flow- 
tangency condition (5) to  be satisfied; thus, there  must be a relation between the func- 
tion q s ( ~ )  and the normal component of velocity at the surface, v ( 0 , ~ ) .  This  is the 
basis, then, for  determining the correct  shock shape. 
These 
Newton iteration for  shock shape.- The number of unknown values of 7, is equal 
A Newton-type iteration procedure 
to  achieve m.axIvi(0)l 5 E where E is the 
. ~ 
to  the number of normal components vi(0) = v ( 0 , ~ ~ ) .  
is used for  adjusting the N values of 
prescr ibed accuracy criterion. The s teps  in  the procedure, which are straightforward 
and easily automated, are as follows: 
1 
(1) Assume an initial set of values qs,i (i = 1, . . ., N) based on experience, 
approximate solutions, o r  previously computed cases with conditions close to  those 
desired. 
at each line with the use of the polynomial expression for  the (2) Compute 
(3) With qs,i and - dqsyi f rom steps (1) and (2), solve the shock jump conditions 
dqs,i 
d5 
derivatives. 
d5 
f o r  pi, pi, ui, vi, and wi (i = 1, . . ., N). 
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(4) Use the resu l t s  of step (3) for  initial values to  start a numerical integration of 
the system of 5N equations from 5 = 1 to 5 = 0, and evaluate the surface normal com- 
ponents vi@). 
(5) Test max/vi(0)/. If m.ax v. (0) 5 E ,  the shock shape is satisfactory and the 
i 1 l 1  I 
problem is considered to  be solved. Otherwise, the following perturbation cycle is used. 
(6) Pe r tu rb  each parameter  q independently and in order.  That is, change 
to (1 + 6)q where 6 is a small  number (for example, 10-6), and repeat 
s teps  (2) to (4). This  procedure resul ts  in small  changes in  each of the vi(0) due to  
the perturbation in  qs, i .  Hence, the j th column of an  N by N matrix of influence 
s,j 
qs,j s,j' 
," 
avi (0) 
coefficients o r  partial  derivatives -
aqs,j 
perturbation. 
(7) Solve the usual f i rs t -order  linear 
(j = 1, . . ., N) is generated with each 
system 
(i = 1, . . ., N) 
to obtain the increments Aqs,i required to correct  the shock shape and drive all 
Vi(0) - 0. 
(8) Use  the new shock parameters  qSyi + Av, ,~  to  start a new cycle at step (2). 
Note that a complete cycle requires  N -I 1 integrations: one "pivotal" and 
N perturbations. 
Modified Newton iteration procedure. - The regular Newton iteration procedure 
calls for  a reevaluation of the Jacobian influence matrix at the beginning of each new 
cycle (step 6). Since most of the computation t ime is taken up in this  step, a modifica- 
tion which bypasses this step on subsequent cycles (if they are required) was introduced. 
Once the surface velocities are within some preassigned magnitude (considerably la rger  
than the final convergence criterion), the components of the Jacobian are not recomputed 
after each pivotal integration; only the right-hand member of equation (6) is updated at 
each cycle. Although more  cycles are necessary for  convergence, each cycle with the 
constant Jacobian consists of only one integration, and a considerable saving in  the total 
number of integrations, and hence computer time, is obtained. 
It should be noted here  that the modified Newton procedure can diverge in certain 
cases where the regular Newton procedure converges. The situation is easily visualized 
in the one-dimensional case where the first guess is too far away from the solution and 
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the second derivative is large. Figure 3 is an illustration of two sequences of modified 
Newton iterations t o  determine the zero of a function f :  the unprimed sequence starts 
t 
X 
Figure 3.-  Converging and d iverg ing  sequences of modif ied Newton i t e r a t i o n s .  
at xo and diverges, but the primed sequence converges. If the slope had been recom- 
puted one more t ime at xl, the unprimed sequence would also converge. 
reason the option is retained to use the regular Newton for  more than one cycle if  the 
surface velocities are still too large after the first iteration. In nearly all cases  com- 
puted by the authors, the modified Newton procedure converged if the maxlvi(0)l was in 
the range of 0.03 to 0.05. 
a lso diverges. 
same (ref. 46), but the graphical example of figure 3 demonstrates that  the necessary 
conditions (for convergence) are clearly different. 
For  this  
i 
Examples can be given where the regular Newton procedure 
The sufficient conditions for  convergence of both procedures are the 
The shock-wave determination procedure of reference 2 differs somewhat from the 
present one, in that the shock function is given by a trigonometric polynomial, and the 
coefficients are chosen to minimize the sum of squares  of the normal components at the 
surface. 
Approximate start ing shock shapes.- Usually a very good estimate of the shock 
shape is required for  a successful calculation and convergence. The exceptions are cir- 
cular cones at moderate relative incidences, 
sonic Mach numbers, M, > 3.0. For most other cases,  however, considerable care  
must be exercised in  choosing the initial shock shape to start the iterations previously 
described. A poor initial estimate can result  in  any of several  program failures, such 
as negative p re s su res  o r  vanishing denominators. The latter difficulty is caused by 
excessive supersonic c r o s s  flow and introduces characteristic-type singularities in the 
differential equations (that is, when a line p = Constant is tangent to a conical 
characteristic). 
<= 0.5, and delta wings at large super- 
00 
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In order  to  obtain a good initial estimate of the shock shape for  such cases as 
elliptic cones at incidence, a "simpler" case is computed first and then the input param- 
eters are changed in a series of s teps  toward the desired configuration, a new converged 
shock shape being obtained with each change of the input parameters  (for example, y, 
M, eo, a, and a/b). The history of the set of qs,i as a function of the set of input 
parameters  is incorporated i n  an  extrapolation procedure t o  predict the new shock shape 
f o r  the new set of input parameters .  The converged values of qSyi for  the initial value 
of the parameter  are used as the input values corresponding to a small  variation of the 
input parameter;  for  example, the parameter  may be changed to 1.05 t imes  its initial 
value. Once the converged solution f o r  this value of the parameter  is obtained, the 
inputs qSyi for  a new value of the parameter  are computed by l inear extrapolation of the 
two previous sets. After three sets of converged qs,i have been obtained corresponding 
to three values of the input parameter,  including the set with the small  variation of the 
parameter,  a quadratic extrapolation is employed. Such a procedure was found to be 
essential  for  efficient computation. The procedure is completely automated in the com - 
puter program for  c i rcular  and elliptic cones, and variation of any of five different input 
parameters  is allowed. The program fo r  the conical delta wings has  not been s o  
automated. 
If, during a sequence of calculations in which a parameter  is incremented, the cal- 
culation encounters difficulties (such as negative pressure) ,  the program halves the 
increment and attempts a restart from the last parameter  value for  which the solution 
converged. If difficulties are encountered again, the parameter  increment is halved 
again and this process  is automatically repeated until the increment is smaller  in mag- 
nitude than a preassigned value, o r  until successful convergence is achieved. 
The initial estimate for the delta-wing shock shape can be made directly for  any 
angle of attack CY (up to that causing detachment f rom the leading edge), sweep angle A, 
and M,. The estimate used is an even function in  5 which requires  only an estimate 
of qs,l (the value of qs in the plane of symmetry). The function is contrived to  give 
qs,N+l = 0 (the condition of attachment at the leading edge) and the correct  value for 
, which is calculated from the shock conditions. The function is 
R N + l  
h where -- "' - -- tan 0 and u is evaluated from the wing geometry and s t ream condi- 
tions. (See appendix B.) The value of q used in equation (7) is a tangent-cone 
d5 57 
s, 1 
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approximation, increased by a factor 1.2 to avoid the Mach wave condition for  very thin 
wings at small  a! as follows: 
%, 1 = 1 . 2 p  - eo  - a) 
where (ref. 47) 
1 sin2@ = sin2(Bo + a! + - 
Mm2 
2 1 
In a few cases, the value of q was s o  far off that the required corrections s,l 
Aqs,i were sizable, too much "roughness" in the shock shape resulted, and subsequent 
i terations failed. It happens that in this event, the first correction for  q is very 
good so that using that value in equation (7) and restart ing the iteration has always been 
successful . 
s,l 
Extrapolation to Surface 
At the surface,  < = 0, the derivatives du/d< and dw/d< are infinite because of 
the well-known vortical layer adjacent to the surface in the conical flows. 
The derivatives dp/d< and dv/d< however are finite, and this  fact allows extrapolation 
of the functions p and v to  the surface from < >  0. In fact, it is only vi that is 
extrapolated during the integrations in order  to evaluate the magnitudes of vi(0) 
(i = 1, . . ., N). When the convergence cri terion is met, the p re s su re  p is also extrap- 
olated to < = 0. 
(See ref. 8.) 
Corrected isentropic surface values.- The surface entropy is a constant on the su r -  
face, and if the value is known, the isentropic surface density can be calculated as a func- 
tion of the extrapolated pressure  and the surface entropy. The Bernoulli equation 
relates p, p, u, v, and w; since v = 0 at the surface and p and p are known, 
there is only one equation with two unknowns, u and w. The other equation needed for  
determining u and w is the differential equation for  the u-momentum. This  equation 
on the body becomes 
~ ~ 
Substitution of equation (8) into the Bernoulli equation gives the set of nonlinear differen- 
tial equations which are to  be satisfied at each line: 
(i = 1, . . ., N) (9) 
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The Lagrange derivative formula is used for evaluating the <-derivatives, and the set of 
equations (9) is solved by Newton iteration, When convergence is achieved, equation (8) 
gives wi; hence, the isentropic surface values are compl.etely determined. 
cedure is essentially the same as that of reference 2. 
This  pro-  
The derivatives av/a< and ap/a< at < = 0 can be evaluated from the corrected 
surface values. The reduction of the continuity equation and the v and w momentum 
equations at < = 0 gives the relations 
The relations show, as stated previously, that av/a< and ap/a< are finite at the su r -  
face. The finiteness of these quaiitities is one of the principal mer i t s  of the coordinate 
system employed. 
Computation of the surface entropy.- Fo r  the circular  cone, the surface entropy is 
the value that occurs in  the windward symmetry plane, line i = 1. F o r  the elliptic cone 
with the free-s t ream velocity vector lying in the plane of the minor axis, the surface 
entropy is assumed to be the maximum value at the shock wave. When the free-s t ream 
vector is in the plane of the major axis, the surface entropy is piecewise constant for  
some flow conditions; that is, it has the value of the windward symmetry plane on the 
surface segment where W(O,T) > 0; and it has  the value of the leeward symmetry plane 
on the rest of the surface. The surface entropy for  the delta wings with convex surfaces 
is the same as the leading-edge value. 
Stability and E r r o r  Growth 
In practical numerical computations by the present  method, it is found that there  
exists a maximum number of lines (or minimum spacing between lines) beyond which 
instabilities swamp the solution. This result  is by no means surprising, in light of 
Hadamard's (ref. 48) famous example of the inherent instability of the Cauchy (initial- 
value) problem for  Laplace's equation. The example demonstrated that certain types of 
initial data, described by vanishing amplitude and increasing frequency, are magnified 
exponentially as the distance from the initial line increases.  No matter how close to zero 
amplitude the initial data become, the solution can contain unbounded oscillations at some 
finite distance from the initial line; hence, the Cauchy problem is poorly posed, in gen- 
eral, for elliptic equations. This feature has  been evidenced in numerical solutions 
of the blunt-body inverse problem (ref. 22, p. 452) as well as in the present  problem, 
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When the method of l ines is applied to the solution of Laplace's equation in a rec- 
tangular region one finds that the solution is composed of a complementary par t  which is 
a sum of exponential eigenfunctions, and a particular integral. The largest  eigenvalue of 
the complementary pa r t  is proportional to  the number of lines s o  that round-off e r r o r s  
can grow exponentially like 10-j exp(Nx), where j is the number of decimal figures 
car r ied  in the computation, N is the number of l ines and x is the distance along lines 
from the initial data line, the l ines being parallel  to the X-axis. Hence, there  exists an  
optimum number of lines which represents  a compromise between decreasing discretiza- 
tion e r r o r s  and increasing round-off e r r o r  growth. Such a compromise is contained in 
most numerical procedures for  the solution of differential equations. For  example, in  
a standard solution by the gr id  relaxation method for  Laplace's equation, the discretiza- 
tion e r r o r  is O(h2) whereas the round-off e r r o r  is O(h-2) (ref. 49, p. 482). Hence, the 
grid method has an  algebraic round-off e r r o r  growth whereas the method of lines has 
exponential e r r o r  growth. 
The discussion is not intended to discourage the use of the method of lines; rather,  
it is intended to  provide an understanding of difficulties if  they a r i s e  in applications to 
nonlinear problems. One should expect to  encounter instability where (1) the shock wave 
is a large distance from the body, a condition which occurs  at low Mach number 
(M, 5 1.5) and on the leeside of the body at large incidence; (2) when cross-flow grad- 
ients are large and require a fine spacing of lines, which increases  the eigenvalues; and 
(3) when a small  number of figures is car r ied  in  the computation. These three condi- 
tions correspond to x large,  N large, and j small, respectively, in the linear 
problem. 
In the conical flow problems treated s o  far, it appears that N = 19 is about the 
maximum number of l ines which can be used without encountering sudden e r r o r  growth. 
This observation applies to cases  involving moderate-to-large Mach numbers (M, 2 2), 
angles of attack up to relative incidence of one, and a 60-bit computer word length (about 
15 decimal figure accuracy). Usually, a much smaller  number of lines (N = 9) provides 
sufficient accuracy for,  say, c i rcular  cones, elliptic cones of moderate axis ratio 
(1.0 2 a/b 5 1.5), and delta wings at large Mach numbers (M, z 3). F o r  investigations of 
cases which are more severe,  for  example, low Mach numbers, one will have to be con- 
tent with the accuracy provided by a smaller  number of lines in order  to avoid the large 
eigenvalues and thus suppress  the e r r o r  growth. 
Force Coefficients 
The  force coefficients are computed by numerical integration of the surface p re s -  
sures .  The reference a rea  
for  the force coefficients is taken as the base area f o r  the elliptic and circular cones and 
the plan area for  wings. 
The equations for  these coefficients are given in appendix C. 
No force coefficients are presented in the results.  
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RESULTS AND DISCUSSION 
Circular  Cone 
The circular cone is perhaps the most basic conical configuration and, as a con- 
sequence, has  received more extensive treatment in the l i terature  than other conical 
bodies. At small  incidence it is one of the simplest  conical flows to  calculate and good 
experimental data are available to assess the validity of the computations. 
large values of incidence it exhibits the features which often complicate the computa- 
tion of many conical flows. An extensive tabulation of the flow about c i rcular  cones, not 
only surface quantities but the flow variables throughout the field as well, is presented 
in references 13 and 50. The latter resul ts  have been computed by the method of l ines 
as presented in reference 2. Computations by the present method give comparable 
re sult s . 
Moreover, at 
Tracy (ref. 51) presents  resul ts  of an experimental study of a circular  cone with 
semiapex angle of 10' at a Mach number of 7.95. Included are the measurements which 
delineate the shock s t ructure  and the viscous boundary; the region between the body and 
the viscous boundary is dominated by viscous effects. Figure 4 shows these measured 
boundaries and the shock shape computed by the method of lines for N = 15 at angles 
Experimental shock 
/f 
shock poi nts 
0 (a) a = 4 . 
Figure 4.- Cross section of shock for circular cone at incidence. M, = 7.95; 
0 = 10'; N = 15. Experiment from reference 51. 
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7 Experimental viscous layer 
[Experimental shock 
points 
0 (b)  a = 8 . 
Figure 4.- Concluded. 
of attack of 4' and 8'. It is seen that the computed shock shape is in  good agreement 
with the measured resul ts  over the windward side but is less satisfactory on the leeward 
side where the viscous effects distort  the flow. The experimental resul ts  show that the 
viscous region becomes more prominent as the angle of incidence increases  and the com- 
puted shock wave on the lee side departs  more from the measured values at the higher 
incidence. 
function of the circumferential angle $I where $I is -90' in the windward plane of 
symmetry. Agreement with experiment is less satisfactory in regions where viscous 
effects are significant. Thus, the measured and calculated values show poorer agree-  
ment on the lee side and depart  more at the larger  angle of attack. 
The corresponding surface pressure  distributions are shown in  figure 5 as a 
Difficulties at large relative incidence.- As the angle of incidence is increased, 
___I 
_. - 
conditions are encountered where it becomes difficult to obtain a converged solution. 
These conditions generally occur where a/e0 is near  or exceeds unity. Three factors,  
singly or  together, contribute to  the difficulty in  obtaining a solution: (1) the shock wave 
on the lee side approaches tangency with the s t ream Mach cone, (2) the c ros s  flow becomes 
locally supersonic, (3) the computed p res su re  in  the flow field o r  on the body becomes 
very  small. It may be seen in figure 5 that the surface pressure  on the lee side is 
tending toward the free-s t ream value Cp = 0 at a = 8O. Similarly, the shock-wave 
pressure  coefficient (not shown) at the leeward symmetry plane is also near zero; hence, 
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Figure 5 . -  Circumferential pressure distributions on circular cone at incidence. 
= 7.135; e = ioo; N = 15. 
that portion of the shock is approaching tangency with the free-s t ream Mach cone, which 
is, in turn, a characterist ic surface. 
-derivatives approach the indeterminate form (O/O) and the problem becomes very ill- 
conditioned. The particular sequence of runs for  these calculations with 15 l ines was 
made in increments of 1' in a! for  values of CY up to 9' by using the previously 
described extrapolation routine for  generating the initial values of 7, for  the pivotal 
computation. The routine made an attempt at CY = 10' and encountered difficulty; as 
explained earlier, the 1' a! -increment was halved, and successful convergence was 
achieved for  a! = 9.5'. Then it was necessary to  halve the increment twice more to 
avoid difficulties, s o  that a! = 9.625' was the next converged solution, and s o  on. 
the calculations became very sensitive for  CY 2 9.5'; that is, a high degree of accuracy 
in the shock shape is required to satisfy the convergence criterion. The cross-flow 
Mach number Mc at the shock surface is shown in figure 6 for  a! = 4O, 8O, and 9.5'. 
It may be seen that Mc becomes 1 at the shock for  a! = 9.5' to  add to the difficulty 
in  obtaining a converged solution in this  instance. Once difficulty is encountered, the 
computations can often be continued by reducing the number of lines. Thus, as previously 
discussed, there  is generally some trade-off between the resolution and the range of the 
computations. The reduction of the number of l ines f rom 15 to 13 permitted calculations 
for  increments in a! There-  
after, smaller  increments were required. The cross-flow Mach numbers Mc at both 
the body and shock are shown in figure 7 for the circular  cone with 13 l ines at a! = 11'. 
It may be seen that a fairly extensive supersonic c r o s s  flow has developed, the largest  
values of the Mach number being at the body; at the shock the cross-flow Mach number 
does not substantially exceed one. 
The resul t  is that the expressions for  the 
Thus, 
of 1' up to  loo, and by half-degree increments up to  11'. 
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Figure 6. - Circumferent ia l  d i s t r i b u t i o n  of cross-f low Mach number a t  shock wave 
f o r  c i r c u l a r  cone at moderate incidences.  % = 7.93; 8 = 10'; N = 15. 
-0- Shock 
1. n t --(I Body 
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Figure 7.- Computed cross-f low Mach number a t  shock wave and su r face  f o r  
c i r c u l a r  cone at r e l a t i v e  incidence equa l  t o  1.1. Q = 7.95; CI = 10'; 
N = 13. 
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A pres su re  minimum on the circular  cones generally occurs away from the plane 
of symmetry, and the pressure  coefficient becomes negative at the la rger  values of 
incidence. The sensitivity of the calculations t o  the accuracy of the shock location 
coupled with the small  values of the p re s su res  often lead to  failure of the method through 
computation of a negative value of the pressure  under these circumstances. 
Extrapolation of surface - - pres su res  _ _  to  large angles of _ _  incidence.- Even though the 
computations break down at some value of a! near  o r  beyond eo, useful resu l t s  on the 
windward side can be obtained fo r  larger values of a!. Extrapolation of the resu l t s  has  
proven practical  with the present program as also in the s imilar  computations of Jones 
(ref. 2). In figure 8 extrapolated values of the surface p re s su re  coefficients on the wind- 
ward side of the circular  cone are compared with the experimental values measured by 
Tracy. The extrapolated values at a! = 12O,  16O, 20°, and 24' computed with the use of 
the Lagrange formula from calculations by the method of l ines at Q! = 6O, 8 O ,  and 9.5' 
are in excellent agreement with experiment. 
- Experiment (ref. 51) - 'r 
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Figure 8.- Comparison with experiment of large-incidence windward-side pressures 
extrapolated from calculations at a = 6O, 8 O ,  and 9.5'. = 7.95; 8 = 10'; 
N = 15. 
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Artificial hump on leeward side. - An alternate method of extending the calculations 
t o  large angles of attack is to alter the geometry on the lee side of the body to  avoid some 
of the computational difficulties already discussed. The success  of such an approach 
hinges on the fact that the flow on the windward side of the body is, to a large extent, 
independent of the flow on the lee side. Thus, the flow on the windward side of the spec- 
ified body can be computed by selecting the shape on the lee side in such a way that one 
source of the computational difficulties is avoided; that is, the pressures  are raised on 
the lee side. It may be noted that a supersonic c r o s s  flow may still exist along the sides 
but does not appear to l imit  the computations. Fo r  a conical body that was semicircular 
on the windward side and semielliptic on the leeward side, labeled bielliptic herein, com- 
putations have been made for  angles of incidence much la rger  than is possible for  a cir- 
cular cone. The rat io  of the major axis to the minor axis of the ellipse was taken suffi- 
ciently large to  avoid computational problems and was sometimes taken as a l inear 
function of the angle of attack fo r  simplicity. Results of these computations at angles 
of attack of 12' and 16' fo r  a s t ream Mach number of 7.95 and a semicone angle of 10' 
are shown in figure 9. Figure 9 displays the circular  body, the experimentally deter-  
mined viscous boundary, and the shock contour (ref. 51). The body shape on the lee side 
Experimental shock 
/-for c i r c u l a r  cone 
(a) a = 12'. 
Figure 9.- Comparison of shock shape computation f o r  b i e l l i p t i c  cone with experiment 
( r e f .  51) f o r  c i r c u l a r  cone at  l a r g e  incidences.  = 7.95; e = 10'; N = 15. 
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Experi menta I shock 
r f o r  c i r cu la r  cone 
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Experimental viscous lay 
Computed shock points 
for biel l ipt ic cone 
1 c i r c u l a r  cone 
(b) CL = 16'. 
Figure 9. - Concluded. 
used for  the computations is also shown as well as symbols for  the computed shock shape. 
F o r  both computations the calculated shock shape on the windward side is in excellent 
agreement with the experimental values. The reasonably good agreement between exper - 
imental and computed values of the shock location on the lee side for  a! = 12' is 
apparently due to  a fortuituous choice of the axis rat io  a/b of the ellipse (1.52) and was 
not selected essentially to  duplicate viscous boundary. The axis rat io  for  the case at 
a! = 16' was 2.52. The corresponding values of the surface pressures  are shown in 
figure 10. The computed values are in good agreement with experiment on the windward 
side at Q! = 12' but show some deterioration at the more extreme case with a! = 16'. 
It should be noted that the elliptic hump has held the leeward pressures  a t  a "safe" 
positive level. 
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0 Biell iptic-cone computations 
cP 
1 
- . . .vu"-  
1 - 1 1  I 1 1  I I 1 -  
0 0 
1 Q Q Q Q  
50 70 90 
@, deg 
Figure 10.- Comparison of pressure computation for bielliptic cone 
with experiment for circular cone at l a rge  incidence. 
Entropy Layer and Vortical Singularities 
In the inviscid flow about a conical body, there  exists a thin layer  adjacent to  the 
surface where the entropy gradients are large (in fact, unbounded). 
entropy or vortical layer was first recognized by Ferri (ref. 8) and has been studied 
analytically in many subsequent papers  (refs. 9 to  11 and 52 as well as additional papers  
referenced therein). The pattern of the isentropes, o r  cross-flow streamlines, is shown 
in figure 11 as projected onto a plane Z = Constant, and i l lustrates the nature of the 
entropy layer for a circular  cone at small  incidence. In this case the streamline in the 
windward symmetry plane wets the entire cone surface, and it carries the maximum 
entropy. All other cross-flow streamlines  rapidly approach the surface, form a thin 
layer of large (unbounded) entropy gradients, and converge in the leeward symmetry 
plane at a nodal point of the isentropes, where the entropy is multivalued. The nodal 
point is called the "vortical singularity." 
This  so-called 
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o Nodal point 
0 Saddle point 
Figure 11.- Cross-flow streamline p a t t e r n  f o r  c i r c u l a r  cone a t  smal l  
r e l a t i v e  incidence.  M, = 5'; eo = 10'; a = 2 ; N = 17. 
Entropy layer.- As explained in an  earlier section entitled "Extrapolation to 
0 
Surface,'' it is not necessary to account directly fo r  the entropy layer. Nevertheless, 
because the independent variable 
to refine the integration near the surface and resolve some of the detail of this  thin layer.  
Similarly, the "BVLR" method4 can be used to resolve such details close to the surface, 
since the implicit nature of the method allows a nearly unlimited refinement of the gr id  
s ize  normal to  the surface; such computations have been presented in reference 5 3  for  an 
elliptic cone at zero incidence. 
present one, Ndefo (ref. 3) has also obtained some entropy layer  calculations for  a circu- 
lar cone. 
is continuous in the present method, it is possible 
Using a semidiscrete method somewhat s imilar  to the 
The computation of the flow in the entropy layer with the method of l ines is tedious 
because E must be very small  in order to ca r ry  the integration very close to the su r -  
face. This requirement, in  turn, demands that the shock shape be precisely determined. 
The necessary precision of the computation requires many iteration cycles and the cal- 
culation is generally feasible only with the use of the modified Newton iteration technique 
previously described. For the final computations presented here,  E was 10 -10. 
4After Babenko, Voskresenskii, Lyubimov, and Rusanov, the co-authors of 
reference 13. 
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Calculations within the entropy layer were made f o r  a circular  cone with a semi-  
The density distribution between the body and cone angle of loo, 
shock for  @ = 0 
CY = 2O, and M, = 5. 
(along the side of the cone) is shown in figure 12. The density 
P 
1. 
1. 
1. 
1. 
1. 
 68 0 Surface value 
- i12 \ 
Figure 12.- Density distribution across shock layer and entropy layer 
of circular cone. M, = 5.0; e = 10'; a = 2 O ;  = 0'. 
monotonically increases  f rom the shock to  a region near the body where, in the entropy 
layer, the density decreases .  The inset in figure 12 expands the abscissa  by a factor 
of 50 and the ordinate by a factor of 10 to display the variation near the conical surface. 
The resul ts  for  several  values of @ are presented in figure 13 where the quan- 
tity p - po (po is the surface value of the density) is presented as a function of 5 on 
a log-log plot. Those resul ts  show that deep in the entropy layer, the density variation 
is of the form 
From figure 13, v = 0.19. Dr. R. E. Melnik has  supplied the authors with an estimate 
of v based on his  asymptotic analysis of the entropy layer  (ref. 9). His estimate f o r  
this case is v = 0.22 f 0.04 which is consistent with the present  numerical results.  The 
possible e r r o r  indicated is a result  of neglecting t e r m s  which are O[((u/6l0)2] in the 
estimate. 
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Figure 1 3 . -  Density v a r i a t i o n  i n  the entropy l a y e r .  & = 5.0; 8 = 10 ; a = 2 . 
Vortical singularity lift-off. - Ferri (ref. 8) suggested the possibility that the nodal 
singularity could lift off the conical body at large angles of incidence. Several authors 
have attempted to develop analytic solutions in the neighborhood of the nodal point; 
Melnik (ref. 52) and others have concluded from their  analyses that the vortical singu- 
lari ty can, in fact, lift off the surface. 
Some effort has been expended to verify the lift-off phenomenon by exact numerical 
solutions, with questionable results.  Gonidou (ref. 16) has  attempted such calculations 
with the BVLR method, but his resul ts  indicated numerical instability, and hence were in 
doubt. It has been shown (ref. 53) that the conditions for  lift-off are just  those which 
cause the BVLR method to  be unstable. Jones (ref. 2) has made computations which 
indicate that the vortical singularity was off the conical surface. 
fo r  a circular cone with a semivertex angle of 12.5' a t  a s t ream Mach number of 1.797. 
Jones presents  computations for up to 1.4 and his resu l t s  indicate that lift-off 
occurs  for  a/B0 between 1.1 and 1.2. His  integration step s ize  was one-tenth of the 
shock-layer thickness and extrapolation to the surface was made from the last step. 
Thus, he extrapolated ac ross  the nodal point for  the angle-of -incidence conditions where 
the vortical singularity is off the surface. 
His calculations are 
a/Q0 
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Computations have been made with the method of l ines presented herein in an 
attempt to verify Jones’ results.  The calculations were made for  @/eo  up to 1.2. 
Sonic velocity was attained at the shock in the lee plane of symmetry for  this condition 
and the computations could not be carried to la rger  values of Q! because of the sensi-  
tivity of the calculations to the shock shape. One set of computations was made with an  
integration step s ize  of 0.1 with extrapolation to  the surface f rom 0.1 to  nearly duplicate 
the calculations of Jones. A second set car r ied  the integration to  a value of 0.05 with 
extrapolation from that value of < to the surface. Both calculations indicated that lift- 
off had just  barely occurred for  a/Q0 = 1.2. The resul ts  of the latter computations are 
shown in figure 14 where dv/dc and v in the leeward plane of symmetry are plotted 
against <. The values of dv/d< were extrapolated (shown dashed) to < = 0 with the 
use of the Lagrange formula and the corresponding values of v were found by integra- 
tion of dv/d<. The incipient lift-off condition occurs fo r  - = 0 a t  = 0; at angles 
dv of incidence beyond the lift-off condition, - > 0 at the surface and a zero value of v 
d< 
occurs  off the body (nodal point) as well as on it. Prec ise  lift-off computations are 
dv 
d< 
“I 
dv - 
d? 
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Figure 14 . -  Ex t r apo la t ion  of t h e  normal v e l o c i t y  component and i t s  d e r i v a t i v e  i n  t h e  
l e e  plane of symmetry of a c i r c u l a r  cone near  t h e  cond i t ion  f o r  v o r t i c a l  s i n g u l a r i t y  
l i f t - o f f .  Q = 1.797; 9 = l2.5O; a = 15’; N = 13. 
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difficult to make since the shock must be located with great accuracy in  the region near 
the leeward plane of symmetry. In practice, computations are made for  several  values 
of a near o r  beyond the incipient lift-off condition. In cases where the nodal singu- 
lar i ty  is off the surface, the quantify dv/d< is extrapolated ac ross  the singular point. 
The calculation of the flow beyond the incipient lift-off condition in  this  manner is 
questionable. The extrapolation of the derivative dv/dc ac ross  the singular point in 
the leeward symmetry plane is one facet open to  cr i t ic ism since the discontinuity in  the 
entropy across  the singularity is not taken into consideration. That is, the entropy should 
be that of the leeward symmetry plane between the shock and the nodal point and that of 
the windward symmetry plane between the body and the nodal point. Likewise, there  is a 
discontinuity in both P and u ac ross  the nodal point. F rom the second of equations (2), 
in the plane of symmetry (w = 0) and in the neighborhood of the nodal point (v - 0), the 
expression for  the derivative becomes 
Thus, dv/d< is discontinuous like u at the nodal point and extrapolation of dv/d< 
ac ross  i t  is invalid. 
The method of l ines could be adapted to account properly fo r  the discontinuity in the 
variables ac ross  the vortical  singularity although it is not known whether it would indeed 
be successful because of the computational difficulties that are encountered a t  the large 
incidences where lift-off is supposed to  occur. The computations would require extrapo- 
lation from some integration step to a value of < at which the v component of velocity 
vanishes in the leeward symmetry plane, that is, to the location of the nodal point. The 
jump in entropy ac ross  the singularity is known and the jump in p and u can be com- 
puted. The integration could then be continued with the new initial values and finally 
extrapolated to the surface in the normal fashion. No attempt has been made to ca r ry  
out such a sequence of computations. In view of the incorrectness of the extrapolation 
ac ross  the nodal point which has been used in  the method of lines, and the instability of 
the BVLR method when incipient lift-off conditions occur, it is felt that the existence of 
a nodal point off the surface has  not yet been conclusively demonstrated by numerical 
computation. 
Elliptic Cone 
Calculations have been made by the method of lines for  the supersonic flow over an 
elliptic cone to compare with the experimental resul ts  of Chapkis (ref. 54). The cone 
angle 8 ,  in the vertical  plane of symmetry is 5.97', the axis rat io  a/b is 2, and the 
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s t ream Mach number is 5.8. The computed and experimental surface pressure  coeffi- 
cients are shown in figure 15 for  a! of Oo,  2O, 4O, and 6'. The agreement between the 
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-90 -70 
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Figure 15.- Computed and experimental circumferential pressure distributions for 
elliptic cone at incidence. M, = 5.8; eo = 6'; 2 = 2 ;  N = 19. b 
computations and experiment is generally good but is less satisfactory on the leeward 
side where the viscous buildup raises the level of the measured pressures .  Both the 
computed and experimental resul ts  show a relatively constant value of the pressure  on 
the windward side and a rapid expansion around the side of the elliptic body, a supersonic 
c r o s s  flow occurring for  the case at an  angle of attack of 6'. Typical of the inviscid cal- 
culations f o r  both the circular  and elliptic cones is the p re s su re  minimum which occurs 
away from the horizontal plane of symmetry when the relative incidence @ / e o  
approaches unity. Convergence of the solution for  angles of incidence beyond 6' 
becomes difficult, s imilar  to the case of a circular  cone for  2 1, since the imbedded 
regions of supersonic c ros s  flow and low pressures  are encountered. 
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Extrapolated surface pressures .  - Extrapolated values of the surface pressure  coef - 
- -  - -~ _ _  . 
ficient on the windward side of the elliptic cone, using the 
and 6O, are compared with the experimental resu l t s  of Chapkis in figure 16. The agree-  
ment is excellent at CY = 8' and 10' but shows some deterioration at a! = 14'. 
Cp values for  CY = 2O, 4O,  
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Figure 16.- Comparison with experiment of l a rge  incidence windward-side pressures 
extrapolated from calculations at a = 2 O ,  4O, and 6'. = 5.8; Bo = 6'; 
b 
- _  a - 2; N = 19. 
Cross-flow streamline pattern. - In figure 17 the cross-flow streamlines  together 
with the c ros s  section of the body and shock are shown f o r  the elliptic cone at angles of 
incidence of 2' and 6'. At an angle of attack of 6' the relative incidence @/eo is 
about 1. The streamline contours, which correspond to constant values of the entropy, 
were obtained by l inear interpolation. Those contours either near the windward saddle 
point or  the leeward nodal point are difficult to obtain with precision and are shown 
dashed in some cases  where their  location is uncertain. It may be seen that a nodal 
point (shown with an open symbol) occurs in the windward and leeward planes of sym- 
metry and a saddle point singularity (shown with a filled symbol) on the windward side. 
At zero incidence the saddle point lies on the major axis and moves to the windward side 
with increasing incidence. The cross-flow streamline pat terns  are s imilar  on the wind- 
ward side for  the two cases; however, the general  character  of the s t ream lines on the 
leeward side changes as the relative incidence is increased. 
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Figure 17.- Cross-flow s t reaml ine  p a t t e r n  for e l l i p t i c  cone a t  incidence.  
= 3.8; eo 6'; - a = 2; N = 19. 
b 
Computation history.- The elliptic cone calculations at a = 0' were made by 
start ing from a circular  cone (a/b = 1) with semiangle equal to the desired semiangle 
(11.8') in the plane of the major axis of the ellipse. The axis ratio a/b was changed 
in increments until the desired configuration was obtained. The solutions for  various 
angles of attack were then computed, beginning with zero  angle of attack. Table I gives 
the history of the automatic increases  in a! together with the number of Newton iteration 
cycles (N + 1 integrations) and the number of integrations of the coupled 5N differential 
equations required to converge the shock shape for  each a! by using the regular Newton 
iteration. The convergence cri terion for the normal velocity component was se t  at 
E = 10-3 and the final value of m.axlvi(0)] is also shown. Each integration from the 
shock to the body was  made in  12 integration s teps  with a step size of 0.1 to a value of < 
of 0.1, and s teps  of 0.05 and 0.025 thereafter. The total central  processing time, 
excluding compilation, was 740 seconds (Control Data 6600 computer). Table If. gives the 
1 
39 
I 
TABLE 1.- COMPUTATION HISTORY FOR ELLIPTIC CONE 
Angle of Number of Number of 
Newton cycles integrations 
a, deg 
0 0 1 
.O 5 1 19 
1 1 19 
2 2 37 
3 1 19 
4 1 19 
5 1 19 
6 2 37 
WITH REGULAR NEWTON ITERATION 
msx IVi(0) I 
7.7 x 10-4 
3.7 x 10-5 
5.7 x 10-4 
4.9 x 10-5 
3.8 x 10-5 
2.6 x 10-5 
1.6 x 10-4 
1.7 x 10-5 
17; M, = 5.8; % =  b 2; 8, = 6 7  
TABLE II. - COMPUTATION HISTORY FOR ELLIPTIC CONE 
WITH MODIFIED NEWTON PROCEDURE 
Angle of 
incidence, 
a, deg 
0 
.05 
1 
2 
3 
4 
5 
6 
N = 17; M, = 5.8; 5 = 2; r b L 
Number of 
Newton cycles 
Number of 
modified 
Newton cycles 
Number of 
integrations 
~ 
1 
19 
19 
21 
19 
19 
19 
20 
T o t a l . .  . . . . . . . . . . . . . . . . . . . . . ia ' i  
7.7 x 10-4 
3.7 x 10-5 
5.7 x 10-4 
2.6 x 10-4 
4.2 x 10-5 
1.6 x 10-4 
2.9 x 10-4 
4.2 X 10-5 
- 
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computation history for  the same set of computations except that the modified Newton 
procedure was  employed; that is, the partial  derivatives employed in  the Newton iteration 
were  not recomputed in cases where more than one iteration was required. The central  
processing t ime in  this case was 595 seconds. Comparison of tables I and I1 shows that 
worthwhile savings in computing can be obtained with the use of the modified Newton 
method. The superiority of this method is more dramatic for  sequences of computations 
where the regular Newton method requires  two or  more cycles for  each value of the 
parameter.  Tables I and Il show an  increase in the number of integrations for  angles of 
attack of 2' and 6'. The increase at an  angle of attack of 2O is due to the fact that the 
initial values of qs are found by l inear extrapolation of those for  a! = 0' and CY = 1' 
whereas the initial values of qs at la rger  angles of incidence are obtained by quadratic 
extrapolation and consequently provide a better estimate for  the pivotal computation. At 
the angle of attack of 6O,  
developed and convergence, as already discussed for  the case of the circular cone, is 
more difficult to achieve. 
! 
n 
1 
a/e0 is approximately one, a supersonic c ros s  flow has 
Effect of number of lines.- In problems involving severe cross-flow gradients, i t  
would be desirable to use a relatively large number of lines to resolve the detail of a 
solution. However, the maximum number that can be used profitably in a given compu- 
tation is restr ic ted by the computing t ime and by instahilities that enter the solution, as 
explained in an earlier section. 
method of l ines in the form presented herein. 
A maximum of about 19 l ines has proven feasible for the 
Figures  18 and 19 i l lustrate the changes in the solution with a change in the number 
of lines for the elliptic cone with a/b = 2, a! = 2O, B o  = 5.97', and a s t ream Mach num- 
be r  of 5.8. The surface pressure  distribution is shown in figure 18 for N = 5, 9, and 17 
and the corresponding shock shapes, together with the body shape, are shown in figure 19. 
It may be seen that the resul ts  for N = 5 and N = 9 oscillate about those for  N = 17. 
The computations for  N = 5 clearly establish the trend of the solution whereas those 
for  N = 9 are in very good agreement with the 17-line case. The central  processing 
time, excluding compilation, for  the same sequence of computations beginning with a 
circular  cone was  46, 103, and 322 seconds for  N = 5, 9, and 17, respectively. 
Elliptic cone with large axis ratio.- The pressure  gradients in the cross-flow direc- - 
tion for  the elliptic cone become large as a/b becomes large; thus, a r e l h v e l y  large 
number of l ines to  construct the solution to good accuracy are dictated. However, the 
instabilities which arise with a large number of lines force the use of fewer lines than 
would otherwise be desirable. Computations for  an  elliptic cone with N = 17 at zero  
incidence are compared with the experimental resu l t s  of Martellucci (ref. 55) in figs. 20 
and 21; the semicone angle in the plane of the major axis is 30.05', 
M, = 3.09. The general  agreement of the computed and measured pressures  (fig. 20) is 
0 
l a/b = 3.68, and 
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Figure 19.- Convergence with increasing N for shock shape on elliptic cone. 
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Figure 20.- Computed and experimental circumferential pressure distribution on 
elliptic cone at zero incidence. M, = 3.09; eo = 8.9; a = 3.68; N = 17. b 
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Figure 21.- Computed shock shape for elliptic cone at zero incidence. 
M, = 3.09; Bo I^ 8.9; 2 = 3.68; N =.17. 
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good but the computed resu l t s  clearly exhibit some roughness. The roughness of the 
shock shape (fig. 21), and, in particular, the too large value of the shock coordinate in the 
plane of symmetry of the major axis is typical of cases where too few lines have been 
employed. (See fig. 19.) It is possible to  continue the solutions to la rger  values of a/b 
but converged solutions become more difficult to obtain, the "roughness" of the solution 
becomes more pronounced, and program failure ultimately follows. 
Comparison of an  elliptic cone computation with other _ _  - methods.- - The saddle and 
-~~ 
nodal point singularities, as seen in  figure 17, arise when the w-component of velocity on 
the body vanishes. This  component of velocity, which is one of the three velocity com- 
ponents of the coordinates used herein, is normal to a ray from the apex. 
(ref. 53) employed a cylindrical coordinate system to compute the flow about an elliptic 
cone and erroneously concluded that a singularity occurred where the circular  -cylindrical 
component of velocity wc vanished and thereby computed a discontinuity in the other 
two cylindrical velocity components. Jones (ref. 2) similarly used a circular-cylindrical 
coordinate system but calculated the solution correctly. The semicone angle in  the plane 
of the major axis is 35O, a/b = 2, LI! = 0, and M, = 10 for  this case. The circular-  
cylindrical velocity components computed by Babenko, Jones, and by the present  method 
are shown in figure 22. 
agreement. 
Babenko 
The resul ts  of Jones and the present calculations are in  
Elliptic cone at yaw. - The designation "elliptic cone at yaw" refers to one for  
which the s t ream velocity vector is in a plane parallel  to  the major axis; @ is the yaw 
angle for this configuration. Chapkis (ref. 54) has made measurements of the surface 
pressures  for  the yawed cone. The conical body is the same one for  which the angle-of- 
attack measurements were made; the semicone angle in the plane of the minor axis 
is 5.97', a/b = 2, and the s t ream Mach number is 5.8. The computed surface pressure  
coefficients are compared with the experimental resu l t s  in figure 23 for  angles of yaw 
of 2O, 4O,  6O, and 8'. The fairing of the experimental data was taken from reference 54. 
Note that this faired data does not have a zero slope at 4 = 0' and 180' as should be 
the case. The pattern of the flow is somewhat different from that of the elliptic cone at 
incidence. 
The nodal point, which is located where the w component of velocity vanishes outside 
the plane of symmetry, is located on the leeward side of the conical body. The c ross -  
flow streamlines together with the body and shock shape are shown in figure 25 for  yaw 
angles of 2O, 4O,  6O, and 8'. The streamline contours near the nodal singularity are 
difficult to establish accurately and consequently are shown dashed. The saddle points 
are shown with a filled symbol and the nodal point with an open symbol in the figures. At  
zero  yaw the nodal point is located in the plane of the minor axis and as the yaw angle is 
increased, it moves toward the leeward plane of symmetry. The surface entropy is dis- 
continuous across  the nodal singularity; the surface entropy in the region from the 
The w component of velocity for  the 4' yaw condition is shown in figure 24. 
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Figure 22.- Comparison of r e s u l t s  of va r ious  computationalmethods f o r  the 
c y l i n d r i c a l  v e l o c i t y  components a t  t h e  su r face  of an e l l i p t i c  cone a t  
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Figure 23.- Computed and experimental pressure distributions on a yawed elliptic cone. 
M, = 5.8; eo = 11.8 ; 5 = 2; N = 15. 0 
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Figure 24.- Computed distribution of surface cross-flow velocity on a yawed elliptic cone. 
M = 5.8;  eo = 11.8 O ; - a - 2; = bo; N = 15. 
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Figure 25.- Cross-flow streamline p a t t e r n  f o r  yawed e l l i p t i c  cone. 
M, = 5.8;  8, = 11.8'; = 2; N = 15. 
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windward saddle point t o  the nodal point (w > 0) corresponds t o  the value of the entropy 
in the windward plane of symmetry whereas that f rom the nodal point to  the leeward 
plane of symmetry (w < 0) corresponds to the value in the leeward plane of symmetry. 
Along with the discontinuity in surface entropy is a discontinuity in the u-component of 
velocity and the density. The surface distribution of the u-component of velocity for  the 
4' yaw is shown i n  figure 26. As  the angle of yaw increases,  the nodal point continues 
to move toward the leeward side and at some yaw condition apparently moves to the lee- 
ward plane of symmetry. At an angle of yaw of 8' (fig. 25), the nodal point appears to  
have coalesced with the leeward saddle point; however, it is impossible to obtain any 
resolution of the transition from the present computations. 
2.26-  
2 .24 .  
2.22 . 
7 Location of nodal point 
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Figure 26.- Circumferential distribution of u-component of velocity at surface 
of yawed elliptic cone, illustrating discontinuity at nodal point. M, = 5 . 8 ;  
eo = 1 1 . 8 O ;  5 = 2; = 4O; N = 13. 
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Conical Delta Wings 
The present method has  been applied to  the problem of conical delta wings with the 
shock wave attached at the sharp leading edges. In this problem the compression surface 
is independent of the other surface, and the two can be treated separately. The method 
of lines, as formulated herein, is only applicable to  the compression side where the 
shock wave forms the outer boundary. Nevertheless, the compression-side resul ts  are 
valuable f rom both theoretical and practical standpoints. As mentioned earlier, the 
resu l t s  f rom the present method provide a check fo r  more complex three-dimensional 
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calculation methods, and it will be seen that they corroborate resul ts  f rom other conical 
methods and experiment, too. 
nearly all the aerodynamic-force contribution comes from the compression side. 
Practically speaking, at large supersonic Mach numbers 
In these problems the cross-flow component d v 2  + w2 is supersonic at the 
leading edge and remains supersonic for  some distance toward the wing center line. The 
partial  differential equations governing the conical flow are of the hyperbolic type in 
regions where the c ros s  flow (that is, the velocity component on the spherical  surface) 
is supersonic, and a two-dimensional conical method of characterist ics can be used to 
construct the exact flow in such regions. 
approach for  conical delta wings, and i t  has  been exploited extensively in reference 41 
f o r  the flow about elliptic cones at large angles of attack. A conical method of character-  
is t ics  has  been developed by Chiang and Wagner (ref. 56); they supplied the conical char-  
acter is t ic  resul ts  presented in this paper. 
Maslen (ref. 28) was the first to describe this 
Vincenti and Fisher  (ref. 57) proposed an approximate method which can also be 
used in regions of supersonic c ros s  flow; it is analogous to the familiar shock-expansion 
method for  two-dimensional and axisymmetric flows. The approximation reduces to a 
pair  of nonlinear ordinary differential equations that are numerically integrated along the 
surface in the spanwise direction from the leading edge inward to the cross-flow sonic 
point. Results obtained by Richard D. Wagner, Jr., by that method are presented and 
are re fer red  to as a "conical shock expansion" method. 
The supersonic c r o s s  flow in the delta-wing problems presents  no difficulties for  
the method of lines; this result  is contrary to  the case  of the circular  o r  elliptic cone at 
incidence where convergence becomes more difficult when a region of supersonic c ros s  
flow occurs. 
Parabolic-arc c ros s  section. - Reference 17 presents  calculated resul ts  for a num- 
Computations for  delta wings ber  of conical delta wings obtained by the "BVLR" method. 
with both flat and parabolic-arc c ross  sections presented in  reference 17 are compared 
herein with resul ts  from the present method and other methods. Planform and section 
views of a thin parabolic cross-section wing are shown in figure 27 with the calculated 
shock shape for  Q = 10 . The conditions for  this problem are M, = 4, A = 50°, 
B o  = 3 O ,  and N = 12. The cross-flow sonic line is shown as a heavy dashed line in  the 
section view. 
0 
Equal line spacing was used for the wing computations with the method of lines; 
that is, equal A <  increments were used around the wing contour on the surface r = 1. 
Thus, when projected onto the plane Z = 1 in which the body c ross  section is prescribed, 
the lines appear to spread as the leading edge is approached. The solid curve for  the 
shock (fig. 27) represents  Voskresenskii's results, and the squares  are the present 
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Figure 27.- Comparison of computations for shock shape and spanwise pressure distribution 
for a conical delta wing. Parabolic-arc cross section; Mm = 4'; eo = 3'; A = 50'; 
N = 12. 
resul ts  for  N = 12. 
accurate as that for the p re s su res  because although Voskresenskii 's shock appears to lie 
slightly inside the present resul t  near the center line, shock p res su res  by both methods 
(not shown here) agree very well except near the leading edge. The conical method of 
characterist ics a lso gives a shock shape from the leading edge to the cross-flow sonic 
lines, and the resul ts  (not shown) are in agreement with the present results.  
The replotting of Voskresenskii 's shock shape is probably not as 
The surface p re s su re  coefficient is plotted against 2, a nondimensional spanwise 
coordinate; Z = 0 at the wing center line and iT = 1 at the leading edge. The vertical  
dashed l ines indicate the spanwise location of the cross-flow sonic point5 at the surface 
and, hence, the limit of applicability of both the conical method of character is t ics  (MOC) 
and the conical shock-expansion method. The method of lines, conical characterist ics,  
and conical shock expansion agree  very well in the supersonic cross-flow region. 
Voskresenskii 's resu l t s  are generally quite close to the present  results.  However, his 
resul ts  for  CY = 5' are generally higher than the other computations in  the outboard 
~ - - - 
5As the angle of attack is increased, the cross-flow sonic point moves toward the 
leading edge and reaches it slightly before leading-edge detachment occurs. 
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region except at the leading edge. At the leading edge, where the pressure  and other 
variables can be calculated accurately from the algebraic shock conditions, resul ts  f rom 
all theories should agree exactly yet Voskresenskii's resul t  fo r  the pressure  is noticeably 
low. His pressure  calculation just inboard of the leading edge rises slightly above that 
of the three conical methods, but then appears to agree well with the present resul ts  in 
the central  subsonic cross-flow region. It is not entirely clear whether the generally 
small  discrepancies in the supersonic cross-flow region are due to  the e r r o r  in the 
leading-edge boundary condition. Of particular note is the very good agreement of the 
comparatively simple conical shock-expansion calculations with the other results. 
Circular -a rc  c ros s  section. - Reference 58 presents  experimental data for  various 
conical delta wings with attached leading-edge shocks; one of the models had a circular-  
arc c r o s s  section, a good test problem for  the various computational methods. Figure 28 
shows the shock shape computed by the method of l ines fo r  N = 12 and spanwise p re s -  
su re  distributions compared with experimental and other computed results.  
thickness and the Mach number are both about twice that of the computations in figure 27. 
It can be seen that the cross-flow sonic line is closer  to the wing center line; this result  
is due largely to the higher Mach number. 
--- __ - _- 
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Figure 28.- Comparison of computations and experiment for shock shape and spanwise 
pressure distribution for conical delta wing. Circular-arc cross section; 
M, = 8.1; Bo = 6.54'; A = 50'; N = 12. 
52 
Hatched bands are used to  represent the measurements of reference 58 for  several  
different Reynolds numbers and stations downstream f rom the wing apex. The measured 
p res su res  are higher than the inviscid predictions everywhere on the surface; however, 
the agreement is generally good except near the leading edge. The higher pressures  are 
caused by the hypersonic boundary-layer displacement effect which is most pronounced 
near  the leading edge (2 = 1). Computations by a three-dimensional method of character-  
istics described in  reference 18, conical method of characterist ics,  and conical shock 
expansion are shown for  a! = 10'. The agreement is generally good in the supersonic 
cross-flow region; in  the region of subsonic c ros s  flow, three-dimensional method of 
characterist ic calculations are generally lower than those computed by the method of 
lines. 
and method of lines computations are in excellent agreement and lie at the lower limit of 
the experimental data. 
At the smaller  angles of attack, the three -dimensional method of characterist ics 
The cross-flow streamline pattern for the circular-arc  delta wing is shown in fig- 
The streamlines show very little curvature; however, the computations were u r e  29. 
F i m e  29.- Cross-flow s t r e a r d i n e  wa t t e rn  f o r  con ica l  d e l t a  winn. - Circular-arc c r o s s  s e c t i o n ;  M, = 8.1; eo = 6.54'; A = 50 0,  
a = 10'; N = 12. 
made by linear interpolation and consequently the finer detail may be lost, particularly in  
the region of the nodal point. The nodal point (shown with an open symbol) lies in the 
plane of symmetry and the surface entropy is equal to that at the wing leading edge. 
Spanwise pressure  distributions for  the circular-arc  delta wing fo r  M, = 5.08 a r e  
shown in figure 30. Both the three -dimensional method of characterist ic calculations and 
those by the method of l ines (N = 10) are in  good agreement with the experimental resul ts  
of reference 58 over most of the wing and the agreement near the leading edge is better 
than that shown in figure 28 since the viscous interaction effects are not as severe at the 
lower Mach number. The shock shapes for  a! = 4.5' and a! = - 5 O  are also shown in 
figure 30. 
agreement with those by the method of lines with some minor differences near the plane 
of symmetry. 
The three-dimensional method of characterist ic computations are in good 
Flat -~ delta wing.- The classical problem of the flat-plate delta wing has several  
The region bounded by the wing surface, the cross-flow 
interesting features. There  are three distinct regions t o  the flow field which exhibit d i f  - 
ferent  flow characterist ics.  
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Figure 30. - Comparison of computations and experiment for shock shape and spanwise 
pressure distribution for conical delta wing. Circular-arc cross section; 
M = 5.08; eo = 6.54'; A = 50'; N = 12. 
m 
sonic line, and shock is one in which all the flow quantities p, P, V, and S are con- 
stant since the shock wave is planar from the leading edge to the cross-flow sonic line. 
The isentrope extending from the intersection of the cross-flow sonic line with the shock 
is a boundary of the second region. The region bounded by this  dividing streamline,  the 
cross-flow sonic line, and the wing surface is one of varying flow properties but is isen- 
tropic. The third region bounded by the dividing streamline, the shock, and the plane of 
syn?metry is one of variable entropy. The exact inviscid pressure  distribution should 
exhibit a "corner" of discontinuous slope at the cross-flow sonic point. 
singularities are not treated in any special way in  the present method and the same is 
assumed to be t rue  of reference 17. 
These weak 
The computations for  the flat-plate conical delta wing shown in figure 31 are for 
A = 50" and M, = 4. The method of lines computations and those of Voskresenskii 
produce nearly identical results.  The open circles are used to  show the actual location 
of the computational lines inthe present method for  N = 12; the resul ts  are surprisingly 
smooth around the sonic line. Although the assumed start ing shock shape (eq. (7)) is 
analytic, the final converged shock points lie very close to a straight line between the 
leading edge and the cross-flow sonic line as they should. A comparison is made in 
reference 20 of the p re s su re  distribution and the shock shape for  this wing computed by 
the method of Kutler and Lomax and with the method of lines; the agreement is 
excellent. 
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Figure 31.- Comparison of computations f o r  shock shape and spanwise p re s su re  
d i s t r i b u t i o n  for c o n i c a l  d e l t a  wing. F l a t - p l a t e  c ros s  sec t ion ;  M, = 4; 
e = 0"; n = 50°; N = 12. 
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In the methods of references 18 and 30, the flow properties are set  constant in the 
supersonic c ros s  flow and in reference 30, an effort was made to account for the weak 
singularities. Even so, the latter resul ts  (solid circles) are in considerable disagree - 
ment with the other methods, particularly at the la rger  values of cy. It is also note- 
worthy that although Babaev (ref. 30) attempted to account for  the singularities, his 
resul ts  for  the surface pressure  distribution appear to be very smooth at the sonic point, 
without a corner.  Results by the method of reference 18 (three-dimensional method of 
characterist ics) are shown in the Cp plot for cy = 15O, and they are in general  agree-  
ment with the present resul ts  and those of reference 17; apparently, the resul ts  of refer- 
ence 30 are erroneous. 
The cross-flow streamline pattern for the flat-plate delta wing at an angle of attack 
of 15' is shown in figure 32. The cross-flow streamline emanating from the intersection 
of the sonic line and the shock is the dividing streamline which separates  the outboard 
constant entropy region from that of variable entropy. No attempt was made to trace the 
c r o s s  -flow streamlines in  the constant-entropy region. 
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Cross-flow sonic l i n e  
Dividing streamline 
Figure 32.- Cross-flow s t r eaml ine  p a t t e r n  for c o n i c a l  d e l t a  wing. F l a t - p l a t e  c r o s s  sec t ion ;  
M, = 8.1; eo  = oo; a = 1 .5~;  A = 50°; N = 12. 
The method of lines computations for  a flat conical delta wing are compared with 
experimental values of reference 58 for  M, = 5.08, A = 50°, and a! = 14' in figure 33. 
The experimental values (shown hatched) are measurements from several  streamwise 
stations. The method of l ines computations generally fall at the lower limit of the exper- 
imental data. 
The flow over a flat delta wing, M, = 4, A = 50°, has been computed for  large 
angles of attack approaching the condition of shock detachment from the wing leading 
edge. Both the shock and surface pressures  a r e  shown in figure 34 for Q = 15O, 20°, 
and 2.4'. The subsonic cross-flow region increases  in extent as the angle of incidence 
increases  and just before the shock detachment condition, the c ros s  flow is everywhere 
subsonic. The shock detachment condition was attained for a! slightly grea te r  than 
&/ Experiment (ref. 58) 
0 Methodof  lines, N = 10 
"r 
0 . 2  .4 .6 . 8  1.0 - 
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Figure 33.- Comparison w i t h  experiment for spanwise p re s su re  d i s t r i b u t i o n  for con ica l  
d e l t a  wing, F l a t - p l a t e  c ros s  sec t ion ;  M, = 5.08; Bo = 0'; A = 50'; a = 14'; 
N = 10. 
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Figure 34. - Calculated spanwise pressure distribution on flat delta wing for conditions 
approaching leading-edge shock detachment. M, = 4'; e 0 = 0'; A = 70'; N = 12. 
22.4'. It may be seen that even when the c ros s  flow is all subsonic, there  is little var ia-  
tion of the pressure  between the shock and wing surface at a given spanwise station. 
Wing with reverse  curvature. - Measurements of surface pressures  are presented 
in reference 58 for  a delta wing with a bell-shaped c r o s s  section that has a change in sign 
of the curvature. The cross-section shape is given by 
3 
yo = -tan o O ( l  - n 2 )  
xO 52 = - tan 0 
b 
where b determines the spanwise location at which yo and its first two derivatives 
vanish. The resu l t s  presented here  are for the configuration designated (B-W)l in refer- 
ence 58 with b = 1; thus, the slope goes to  zero  at the wing leading edge. The shock 
shape and pressure  distributions are shown in figure 35. The conditions are M, = 8.1, 
A = 50°, a! = 4O, with 0, = 4.8' and 0, = 12.5'. The computations for B o  = 4.8' with 
N = 12 show a smooth shock shape and pressure  distribution. 
B o  = 12.5' with N = 9 show some "roughness" in  both the shock shape and the pressure  
distribution. The computed values of the shock coordinates for  0, = 12.5' are connected 
with straight l ines  to  show more  clearly the "roughness." The computed pressures  follow 
The computations for  
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(a) Comparison of computations and experiment for spanwise pressure distribution. 
(b) Computed shock shape. 
Figure 35.- Effect of increasing thickness on flow over a conical delta 0 wing 
with reverse cross-section curvature. M, = 8.1; A = 50'; a = 4 . 
the general  distribution of the experimental data which is shown hatched. Noteworthy'. is 
the very abrupt thickening of the shock layer in the region where large pressure  gradients 
occur. Mead and Koch (ref. 58) suggested that a shock occurs  in the c ros s  flow. 
possibility seems likely, in which case the method of l ines is unsuitable for  computing 
this  flow. Attempts to compute the 8, = 12.5' case for  N > 9 failed since the compu- 
tations showed increased roughness and convergence was not attained. 
oriented coordinate system used here is not well adapted to configurations with reversed 
This  
The body- 
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curvature because the l ines tend to converge as the shock is approached, with a resultant 
increase in computational difficulties. The question of an  internal shock could probably 
be settled by tracing the character is t ics  in a cross-flow MOC computation. Kutler's 
method (refs. 19 and 20) would likewise be suitable for  study of this case. 
Convergence history. - Figure 36 i l lustrates the convergence history for  the flat - 
plate delta wing at a! = 15' shown in figure 31. The surface p re s su re  distribution 
cP 
Subsonic cross flow 
/ 
4 - / _--- _---- 
Regular Newton; N + I 
i n tegrat ion s l cycle 0 2  
7 . 5  x 10-4 
I I I 1 
0 . 2  . 6  . 8  1 .0  . 4  
Modified Newton; 1 integrationlcycle 
- 
.08 
X 
Figure 36.- Surface pressure coneergence history for flat delta wing. 
= 4'; eo = oo; . A  = 50°; a = 15O; N = 12. 
obtained with each new pivotal shock shape, including the initial approximation given by 
equation (7), is shown. The key of the figure gives the maximum normal velocity magni- 
tude, at the end of each cycle and a designation indicating whether the cycle was a regular 
o r  modified Newton cycle. 
Convergence with increasing N.- Figure 37 provides an illustration of the accuracy 
that can be achieved with small  values of N. A comparison of the surface pressures  and 
the cylindrical cross-flow velocity component wc with N = 2, 4, and 8 is made with 
the computations of Voskresenskii for the flat delta wing at cv = 15'. The pressure  is a 
quantity that requires  no correction after extrapolation to the surface whereas the veloc- 
ity wc is a surface-corrected quantity. With only one line placed between the leading 
edge and the wing center line (N = 2), the accuracy is surprisingly good. More lines are 
used, however, to give better resolution. 
59 
.26-  A Y 
.24 - 
Voskresenskii (ref. 17) - cP 
.22 - 
Q 
I 1 I I 1 
0 . 2  .4 . 6  . 8  1.0 - 
X 
(a) Comparison of computations for spanwise pressure distribution. 
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(b) Comparison of computations for spanwise distribution of cylindrical 
velocity component we. 
Figure 37.- Convergence with increasing N f o r  flat delta wing. M, = 4; 
e = 00; A = 500;  a = 15O. 0 
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Variable Line Spacing 
The computations presented herein were made for  an equal line spacing in  the arc 
length coordinate T; that is, the computational coordinate 5 was equal t o  T. It would 
appear desirable to s t re tch the computational coordinate 4; compared with the arc 
length T t o  bunch the lines in the region where the gradients are large and the coordi- 
nate transformation 5 = ((7) was included in the program for  this  purpose. When the 
geometry and computational l ines are projected onto a plane Z = Constant to appear 
like a cylindrical coordinate system, the line spacing is nonuniform in the polar angle @. 
The smallest  values of A@ on an elliptic cone do, in fact, occur in the region of maxi- 
mum surface curvature and flow gradients, at the extremes of the major axis. The p re -  
viously described instabilities that arise with very small  line spacing impose a limit on 
the amount of local "bunching" of the l ines which can be utilized. 
l ines are required, in  general, for  elliptic cones, further bunching of the lines in the large 
curvature region can push the calculation beyond the stability limitation on AT.  Within 
this  limitation some calculations have been made for  elliptic cones in which the 5 coor- 
dinate w a s  stretched in the region of the major axis; however, the resul ts  were inconclu- 
sive regarding the meri t  of using such a nonuniform line spacing in the present "natural" 
coordinates . 
Since about 13 to 17 
CONCLUDING REMARKS 
The method of lines has proved to be a useful and versati le procedure for con- 
structing the numerical solution t o  conical flow problems. It has  the mer i t  of a relatively 
simple mathematical formulation and can be adapted to compute the flow about a variety 
of conical bodies. The method has  been applied to  c i rcular  and elliptic cones at incidence 
and to the compression side of several  conical delta wings with an attached leading-edge 
shock. Numerous comparisons have been made with experiment which serve to validate 
the method. 
Several other approaches for calculating conical flows have been compared with the 
method of lines and were found to  be in agreement. 
dimensional computations that attain the conical solution asymptotically, whereas two 
others  are strictly two-dimensional conical methods. 
excellent check cases for the more general  three -dimensional computational methods 
because a conical flow is three dimensional but can be solved by two-dimensional methods. 
Two of these approaches are three- 
The conical flow problems provide 
Computations have been made for  a circular  cone to  compare with experimentally 
determined values of both the shock shape and the surface pressures .  The computed 
values are in  good agreement with the measured resul ts  over the windward side but 
agreement is less satisfactory on the leeward side where a viscous buildup occurs to 
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raise the level of the measured pressures .  
increases  in extent with increasing incidence and the computed resu l t s  for  the leeward 
side show poorer agreement with experiment at the la rger  angles of attack. 
of computed and measured pressures  for an elliptic cone of axis ratio a/b = 2 
show good agreement over the windward side. 
The region dominated by the viscous buildup 
Comparison 
similarly 
Whenever a supersonic c ros s  flow occurs around circular  o r  elliptic cones, con- 
vergence of the normal components of velocity at the body surface to  a zero value is 
more difficult at lines in  that region. Convergence is possible, however, if the super-  
sonic cross-flow region is not extensive. Low pressures ,  supersonic c ros s  flow, and 
large cross-flow gradients are factors which limit the range of parameters  for  which 
computations can be made. These factors tend to limit the angle of attack to values such 
that the leeward side is not appreciably in wind shadow, the s t ream Mach number gener-  
ally greater  than 2 but dependent upon cone angle, and the axis ratio a/b for  the elliptic 
cone generally less than approximately 3. These l imits are very approximate and depend 
too on the convergence c r i te r ia  one is willing to accept. 
Cross-flow streamline patterns for the elliptic cone both a t  incidence and yaw a r e  
presented to  i l lustrate the change in  the flow as the incidence o r  yaw is altered. The 
method of l ines has  been used to provide resolution of the thin entropy layer in the 
neighborhood of the conical body and a study was also made in an attempt to provide ver -  
ification for  the lift-off of the nodal singularity. 
ient lift-off condition but could not be carr ied to larger  angles of attack because compu- 
tational difficulties a r e  encountered as the incipient lift-off condition is approached. 
Computations were made up to the incip- 
Comparisons have been made with experiment and other computations for  the com - 
pression side of conical delta wings with attached leading-edge shocks. Computations 
fo r  wings with parabolic, circular a r c ,  and flat-plate c ros s  sections are in good agree-  
ment with other calculations and with experiment except in the region of the leading edge 
where the viscous interaction effects are most important. 
calculated pressures  fall at the lower limit of the experimental data. Large regions of 
supersonic c ross  flow occur on the conical wings but contrary to the case of c i rcular  and 
elliptic cones, this condition provides no limitation and the method is applicable with no 
difficulties. Some cross-flow streamline computations are presented to i l lustrate the 
flow pattern on the windward side of conical wings. 
Over the rest of the wing the 
Langley Research Center, 
National Aeronautics and Space Administration, 
Hampton, Va., August 6, 1971. 
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APPENDIX A 
GEOMETRICAL RELATIONS 
In order to make use of the body-oriented conical coordinate system q , ~ ,  it is 
necessary to relate the arc length T (on the intersection of the unit sphere with the con- 
ical body) to the rectangular body coordinates xo,yo. Moreover, the direction cosines 
between the body-oriented coordinates and the Cartesian coordinates X, Y, and Z are 
required to relate the velocity components and the coordinates in the two systems. These 
relations have previously been given in  reference 43 but are presented here  in the notation 
of this paper for  the sake of completeness. 
Arc Length 
The element of length ds  in the q , T 7 r  coordinates and the Cartesian coordinates 
is given by 
(ds)2 = r2kdr])2 + (hdT)2] + (dr)2 = + (dY)2 + (dZ)2 
where r h  is the scale factor of the T coordinate. On the conical body the rectangular 
coordinates xo7yo are related to the Cartesian coordinates by 
where the subscript o denotes values on the conical body. In the body-oriented coor- 
dinates, r ]  = 0 on the body and h = 1 at r ]  = 0 since T is the a r c  length on the con- 
ical body at r = 1. Thus, from the expression fo r  the element of length 
In order  to integrate equation (A2), it is necessary to find relations between 
, dXo and the differentials dxo and dyo in t e r m s  of the geometric parameters  (3, 
which describe the conical body. Differentiation of equations (Al) gives 
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The intersection of the spherical  surface r = 1 with the body, in  Cartesian coordinates, 
is 
o r  
xo 2 + Y o  2 + Z 0 2 - l = O  
Zo = A; 1/2 
2 2 where A1 = 1 + xo + yo . Differentiation of equation (A4) 
xo + Yo(g), + (g)o = 0 
Differentiation of the equation defining the conical body, 
equations (A3) gives 
G 
gives 
xo,yo) = 0, together w th 
where the subscripts on G denote derivatives with respect  to  the indicated argument. 
Substitution from equations (A3), (A4), (A5), and (A6) into equation (A2) gives 
where 
2 A2 = Gx + G + (xOGx + YoGy Y 
Integration of equations (A7) provides the relation between the body rectangular coordi- 
nates xo,yo, the a r c  length T ,  and the transformed coordinate 5. The integration is 
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APPENDIX A - Continued 
first car r ied  out to determine r(N) and <(N). The line spacing is then specified in 
t e r m s  of < and subsequent integration of equations (A7) establishes the values of xo 
and yo at each line. 
Direction Cosines 
The unit vector along a ray  of the body is 
and the unit normal to  the body e is 
790 
where 
- a  - a  - a  v = i -  + j -  +k- axo aYo azo 
Then the unit vector GT normal to the plane T = Constant is 
The unit vectors er and G are found by a rotation of G and B through the 
angle rl in the plane T = Constant. Then the set of unit vectors  B eT, and er is 
related to the Cartesian unit vectors by 
rl 1",0 rl,o 
rl' 
"11 a12 
a21 a22 
where 
A 3 = x o G x + y  G 
O Y  
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APPENDIX A - Concluded 
all = -xOA;'I2sin r ]  + Ai1/2Gx c o s  r ]  
= -yoAil/'sin r ]  + A,j1/2G c o s  r ]  
"12 Y 
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APPENDIX B 
FLOW PROPERTIES BEHIND SHOCK WAVE 
Once the shock wave shape is prescribed the flow propert ies  behind the shock can 
be evaluated from the shock jump conditions. In the case of a wing with a n  attached 
leading-edge shock, the flow is completely determined at the leading edge from these 
relations since the shock shape is known from the geometry there  and from the s t ream 
c ondi ti on s . 
Shock Conditions 
A set of unit vectors  is constructed normal and tangential to  the shock to obtain 
relations for  the pressure,  density, and velocity components behind the shock. Let 
fil 
to  the shock, 
be the unit vector along a ray  at the shock surface, 
and (T be the angle between the shock normal and the unit 
ii2 be the outward unit normal 
27 fig = iil X r7 
Shock 
Figure 38.-  Geometric r e l a t i o n s  between u n i t  v e c t o r s  
a t  shock i n  a p lane  normal t o  a c o n i c a l  r a y .  
vector IZ (fig. 38). The angle u is given by 
rl 
1 d% tan ( T =  
h dT 
where the scale factor h is evaluated at r] = qs. This set of unit vectors is related to 
the set eT,8rl,6r by 
- - n1 = e, 
ii2 = 1 3 ~  cos u + GT s in  u 
fig = - E  sin u + ET cos (T 
rl 
67 
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The s t ream velocity vector v, is taken of unit magnitude here  for  convenience. 
This  vector, expressed in terms of the three sets of unit vectors, is 
- 
V, = j s in  a! + i; cos a! 
where 
Vr = a32 s in  LY + a33 cos a! 
V = aI2 s in  a! + a13 cos  a! 
rl 
V, = a22 sin a! + a23 cos  a! 
v1 = vr 
V2 = V cos u + V, sin u 
rl 
V = V sin u + V, cos u 
3 r l  
and a! is the angle of incidence. The direction cosines a.. between the vectors 
Gq,6,,Er and i,j,k are given in appendix A. The s t ream velocity components VI 
and V3 a r e  tangential to the shock and V2 is normal to the shock. The shock 
angle p then is given by 
- -  - 11 
- 
sin /3 = -ii2 - V, = -V2 
and the pressure  and density for an ideal gas  are given by (ref. 59) 
P =  EyMm2sin2/3 - (y  - 1d 
2 *2 Y(Y + 1)M, c 
(Y + 1)M, 2 2  sin /3 
P =  
2 . 2  2 + (y  - 1)M, s in  p 
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From the Rankine -Hugoniot relations, the required velocity components behind the shock, 
referenced to the critical speed, are 
) 1 v = -(.-'v2 c* cos  5 - v3 sin 5 
) w = - p - 1 ~ ~  sin 5 + v3 cos 5 c* l (  
Attached Shock at Wing Leading Edge 
F o r  the computation of the flow about wings with an  attached leading-edge shock, 
the angle 5 a t  the leading edge can be computed from the s t ream conditions and the 
wing geometry. Once 5 is evaluated, all the flow quantities at the leading edge are 
computed directly f rom the foregoing shock relations. The wing leading edge lies in the 
X,Z-plane and makes an angle 8 with the Z-ax i s  the sweep angle A = IL - 8 . To 
determine 
wing leading edge as shown in figure 39. The subscript n identifie.s values in this 
plane. 
( 2 ) 
5, it is only necessary to consider the flow quantities in a plane normal to the 
Su rface 
' Shock 
Figure 39.- Geometric r e l a t i o n s  a t  wing l ead ing  edge i n  a plane normal t o  edge. 
The component of the s t ream velocity vector (v, is of unit magnitude) in the plane 
normal t o  the wing leading edge, vn, and its magnitude, Vn, are 
2 - V, = -i sin e cos  e cos  a! + j sin a! + E sin e cos  a! 
2 1/2 V, = (s in% cos  a! + sinaa!) 
The free-s t ream Mach number in this plane is Mn = M,Vn. 
Let  IJ. be the opening angle of the wing leading edge (measured from the X-axis) 
i n  a plane Z = Constant. Then IJ. is computed f rom the geometry at the leading edge 
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dY0 
dX0 
tan p = -
and the angle pn is found from 
tan p tan pn = -
COS e 
From the wing geometry, the vector 6 is 
?? 
G = i sin p n  cos e - 7 cos pn  - 6 sin pn  sin e 11 
and 6, is given by 
The shock angle pn is found from the equation relating the flow deflection 6, and pn 
(ref. 59) 
cot 6, = tan in 
and (T= pn - 6,. The flow quantities at the wing leading edge are computed from the 
shock relations with this value of (T and M, replaced by Mn. 
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APPENDIX C 
FORCE AND MOMENT COEFFICIENTS 
Once the surface values of the pressure  have been evaluated, the force and moment 
coefficients can be computed by numerical integration. The unit vector normal to the 
surface E (appendix A) is 
r1,O 
+ 3Gy - k(xoGx + yoGy] 
and the element of area on the conical surface is r d7 dr. 
this elemental area is 
The normal force Fn on 
= -e c* 2 (p - P,)tT -1 r d t  dr  
77YO 
Then the components of the force along the Y and Z direc- 1 
y M m 2 e 2  * 
where p, = 
tions are 
-- dFZ - e Z ( p  - P , ) A ~ ~ / ~ ( X ~ G ,  + y G ) t i% d t  dr 
2 O Y  PWV, 
The integration is car r ied  out over the conical body to  the surface 
r = z ~ A ~ ~ / ~ ;  thus, at Z o  = 1, r = A ‘I2. The force coefficients then, after integration 
on r, are 
Zo = 1. Now 
1 
2 e 2  5, 
cy = A s, (P - Pm)A1Ap2Gyt; ldt  
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P - Pm)A1Ai1’2(xoGx + yOGy)(;’d< 
where the upper limit tu = ZN fo r  elliptic cones and 
and A is the reference area. The drag  and lift coefficients are determined from 
5, = <N+l fo r  wing configurations 
CD = Cy sin a! + Cz cos  a! 
CL = Cy cos  a! - Cz sin a! 
Expressions for the differential moments, o r  the center -of -pressure location mea- 
sured from the apex, are found by multiplying equation (Cl) by Zo and equation (C2) 
by Yo. Thus, with 
Y o = y  z 0 0  
the coordinates of the center of pressure  Y and 2 after integration on r, are CP CP’ 
and the moment about the X-axis is 
= Y  c - z  c ‘m,x cp z cp Y 
For  the elliptic cone the reference area A is taken as the base area 
A = a  - t a n  8 (3 
and for  the wing the reference area is the plan area 
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APPENDIX C - Concluded 
The integrals for  the force coefficients and the coordinates of the center of pressure  can 
be evaluated with the use  of Simpson's rule  if the number of increments AT is even; 
hence, it is required that the number of l ines N is odd f o r  elliptic cones and even for  
the wings with attached leading-edge shocks. 
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